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Zusammenfassung
In dieser Arbeit werden verschiedene Prozesse der elektroschwachen Wech-
selwirkung bei relativistischen Lepton–Antilepton-Sto¨ßen in starken Laser-
feldern untersucht. In einem solchen Szenario kann die Energie der
vorbeschleunigten Teilchen durch deren Wechselwirkung mit dem inten-
siven Laserfeld deutlich erho¨ht werden. Den Hauptteil der vorliegenden
Arbeit bildet die Untersuchung der gemeinsamen Produktion von Higgs-
und Z0-Bosonen. Weil in typischen Laser-Experimenten hauptsa¨chlich
Laser mit zirkularer oder linearer Polarisation verwendet werden, werden
die totalen Wirkungsquerschnitte sowie die Energiespektren der erzeugten
Higgs-Bosonen fu¨r beide Polarisationen ausfu¨hrlich diskutiert. Die Ergeb-
nisse werden mit feldfreien Kollisionen vergleichbarer Stoßenergie verglichen.
Besonderes Augenmerk wird auf die lineare Polarisation gerichtet, denn
dieses Szenario erweist sich als vielversprechender im Hinblick auf eine exper-
imentelle Umsetzung. Die beno¨tigten Laserparameter fu¨r eine solche Umset-
zung sowie die zu u¨berwindenden experimentellen Herausforderungen wer-
den ausfu¨hrlich behandelt. Als weiteres Beispiel eines Laser-beschleunigten
Prozesses wird die Erzeugung von Myon-Antimyon-Paaren bei im Laserfeld
stattfindenden Elektron-Positron-Sto¨ßen untersucht. Dieser Prozess ist
prinzipiell mit heutiger Technologie experimentell umsetzbar und ko¨nnte
daher zum Studium der dieser Arbeit zugrundeliegenden Prinzipien dienen.
Abstract
In this thesis, electroweak processes in relativistic lepton-antilepton colli-
sions taking place inside strong laser fields are studied. The energy of the
pre-accelerated particles can be vastly enhanced by their interaction with
the intense laser field in such a scenario. The main effort of the investi-
gations presented in this work lies in the examination of the associated
production of Higgs and Z0 bosons. Since laser experiments most commonly
employ lasers of either circular or linear polarization, the total cross section
of the reaction as well as the energy distribution of the produced Higgs
boson are discussed in detail for both of these polarizations. The findings
are related to field-free collisions of comparable collision energies. Special
attention is paid to the linear polarization case since it is more appealing
in view of an experimental implementation. The required laser parameters
for such an implementation and the experimental challenges that need to
be overcome are specified. As another example for a laser-boosted reac-
tion, the production of muon-antimuon pairs in electron-positron collisions
taking place in a laser field is studied. This process can in principle be
experimentally realized using present-day technology and thus might serve
as a proof-of-principle experiment for the concepts underlying this work.

In connection with the work on this thesis, the following article has been submitted
for publication in a refereed journal:
• S. J. Mu¨ller, C. H. Keitel, and C. Mu¨ller,
Higgs Boson Creation in Laser-Boosted Lepton Collisions,
submitted to Physics Letters B.
Preprint: arXiv:1307.6751 [hep-ph]

Contents
I Introduction and Fundamental Concepts 1
1 Motivation 3
2 History of the Higgs Boson 7
3 Notation and Units System 13
4 Charged Particles in Plane Electromagnetic Waves 17
4.1 Classical Considerations . . . . . . . . . . . . . . . . . . . . . . . . 17
4.2 Quantum Mechanical Description . . . . . . . . . . . . . . . . . . . 20
II Higgs Boson Creation in Lepton Collisions 23
5 Higgs Boson Creation Without a Laser Field 27
6 Higgs Boson Creation in a Circularly Polarized Laser Field 37
6.1 Analytical Calculation . . . . . . . . . . . . . . . . . . . . . . . . . 37
6.1.1 Expansion of the Leptonic Current . . . . . . . . . . . . . . 39
6.1.2 The Differential Cross Section . . . . . . . . . . . . . . . . . 41
6.1.3 The Total Cross Section . . . . . . . . . . . . . . . . . . . . 43
6.1.4 Reproduction of the Field-Free Cross Section . . . . . . . . . 44
6.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
6.2.1 Setup and Collision Momenta in the Laser Field . . . . . . . 47
6.2.2 Maximum Cross Section . . . . . . . . . . . . . . . . . . . . 48
6.2.3 Produced Higgs Boson’s Energy Distribution . . . . . . . . . 48
6.2.4 Small Energy Excess . . . . . . . . . . . . . . . . . . . . . . 52
6.2.5 Below-Threshold Creation . . . . . . . . . . . . . . . . . . . 53
6.3 Required Laser Parameters and other Experimental Demands . . . 54
7 Higgs Boson Creation in a Linearly Polarized Laser Field 59
7.1 Analytical Calculation . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
7.2.1 Partial Cross Sections . . . . . . . . . . . . . . . . . . . . . 63
7.2.2 Differential Cross Sections . . . . . . . . . . . . . . . . . . . 67
7.3 Required Laser Parameters and other Experimental Demands . . . 69
8 Conclusion of Part II 75
i
III Muon Pair Creation in Electron-Positron Collisions 77
9 Muon Pair Creation Without a Laser Field 81
10 Muon Pair Creation in a Circularly Polarized Laser Field 85
10.1 Analytical Calculation . . . . . . . . . . . . . . . . . . . . . . . . . 85
10.1.1 Reproduction of the Field-Free Cross Section . . . . . . . . . 90
10.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
10.2.1 Partial Cross Sections . . . . . . . . . . . . . . . . . . . . . 91
10.2.2 Differential Cross Sections . . . . . . . . . . . . . . . . . . . 92
11 Muon Pair Creation in a Linearly Polarized Laser Field 95
11.1 Analytical Calculation . . . . . . . . . . . . . . . . . . . . . . . . . 95
11.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
11.2.1 Partial Cross Sections . . . . . . . . . . . . . . . . . . . . . 99
11.2.2 Differential Cross Sections . . . . . . . . . . . . . . . . . . . 100
12 Required Laser Parameters and Other Experimental Demands 103
13 Conclusion of Part III 105
IV Summary and Outlook 107
V Appendices 113
A Feynman Rules and S-Matrix Formalism 115
B Properties of the γ−matrices 119
C Properties of the Bessel Functions 121
Bibliography 127
Acknowledgments 139
ii
Part I
Introduction and Fundamental
Concepts
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Chapter 1
Motivation
Among many important achievements of the Large Hadron Collider (LHC) at
CERN, the recent detection of the Higgs boson is possibly its most groundbreaking
feat [ATL12b; CMS12b]. This particle has been a missing puzzle piece for the
Standard Model of elementary particles for the past half century and has been
sought for experimentally for the past few decades. The analysis of LHC collision
data has now established the existence of a Higgs particle with a mass of MH ≈ 125
GeV/c2 [CER13]. However, further investigations of its properties are necessary in
order to find out if it is indeed the Higgs boson of the Standard Model or rather
a different kind of Higgs boson. High-precision measurements of a vast variety of
different properties of the boson and its couplings to fundamental particles and to
itself require TeV-scale lepton collisions (see also Ch. 2).
Due to limiting effects such as synchrotron radiation, such high collision energies
cannot be obtained in ring accelerators, and therefore, a new generation of linear
e+e− [ILC; CLIC] or µ+µ− [Ale12] colliders is necessary. Building such large-scale
facilities is very costly. In addition, the dimensions of such high-power accelerator
facilities are very large. For these reasons, there is ongoing research towards alter-
native acceleration techniques.
In view of the ever increasing intensities and pulse energies that are attainable at
modern laser facilities1, laser acceleration appears to be a very promising candidate
[Mal12]. There already exist a number of experiments on laser-plasma acceleration
where a super-intense laser field generates a plasma in an atom gas or solid-state
target. The wake field of the laser then induces plasma waves with very large
electric fields (∼ 100GeV/m). For sufficiently large amplitudes of these plasma
waves, electrons from the plasma can be accelerated with energy gradients on the
GeV/cm scale [TD79]. This is three orders of magnitude larger than obtained
at conventional particle accelerators. With this technique, electrons have been
accelerated to GeV-order energy along a 3 cm acceleration capillary [LNG+06].
Such plasma waves can also be induced by particle beams instead of laser beams,
as has been done in [BCD+07]. There, the energy of some of the electrons from a
42-GeV beam has been doubled in a meter-scale plasma wakefield accelerator. Thus,
1Laser intensities of up to 2× 1022 W/cm2 have been obtained at the HERCULES laser in
Michigan [YCK+08], while the most powerful laser to date, the National Ignition Facility in
Livermore, has reached pulse powers of up to 500 TW [NIF].
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by combining the plasma-wakefield acceleration principle with existing acceleration
techniques, there are good prospects to obtain comparatively compact high-power
lepton colliders (see e.g. [LE09]).
Another scenario involving high-intensity lasers for lepton acceleration exploits the
fact that, while traveling inside a plane electromagnetic wave, charged particles
may temporarily gain vast amounts of energy [MS99]. Therefore, the center-of-mass
(c.m.) energy of a lepton collision may be substantially enhanced if the collision
takes place inside a laser field [HMK06; EZL98]. There have been a number of
experiments studying high-energy quantum electrodynamics (QED) processes in the
presence of intense laser fields [BFHS+97; CPK+99; SLS+06; CWB+09; CWM+10].
Detailed reviews on current state-of-the art experiments as well as the underlying
theoretical predictions can be found e.g. in [EKK09; DPMHK12]. With the very
high laser intensities that are to be reached at the Extreme Light Infrastructure
(ELI), a new generation of experiments involving laser-matter interactions will
become possible [ELIa], allowing for studies of fundamental physics beyond the
Standard Model [RRS06; Gie09; ML09; Dun09].
In this thesis, the latter laser-acceleration scheme is employed for studying different
kinds of particle production processes in laser-boosted lepton collisions. Since the
lepton may gain a large amount of energy while moving inside the laser field, a
high collision energy can be obtained even if the free lepton energy, i.e. the energy
the lepton has gained from conventional acceleration before entering the laser field,
is comparatively small. Therefore, if the laser field is strong enough and the experi-
mental setup fulfills certain conditions, very high collision energies can be obtained
by combining powerful conventional accelerators with high-intensity lasers. Against
this background we study the associated production of a Higgs and a Z0 boson
in the collision of relativistic leptons inside a plane laser wave, `+`− → HZ0. We
investigate the total cross section for different laser polarizations and examine the
effect of the laser field on the total as well as differential cross sections. Due to the
large masses of the Higgs and Z0 bosons, a very large laser pulse energy is necessary.
A possible experimental realization of the studied process therefore requires further
technical progress, as we will show. The QED process e+e− → µ+µ−, i.e. the
production of muon-antimuon pairs in electron-positron collisions inside a plane
laser wave, could in principle be experimentally implemented with present-day
technology and might serve as a proof-of-principle experiment. Therefore, we also
study this process in detail and compare the laser field’s effects to those found in
the preceding weak interaction process.
In Ch. 2, we outline the historical cornerstones that led from the first theoretical
prediction to the recent detection of the Higgs boson. After introducing the notation
and units system used throughout this work in Ch. 3, we present the fundamental
theoretical concepts describing the motion of charged particles in electromagnetic
fields in Ch. 4 which concludes the introductory Part I.
Part II, where we examine the associated production of a Higgs and a Z0 boson
in lepton collisions, is the first main part of this thesis. After a review of the
well-known field-free process e+e− → HZ0 in Ch. 5, we consider different setups
involving laser fields. In Ch. 6, we examine the process `+`− → HZ0 inside a plane
5laser wave of circular polarization. We investigate the same process taking place
inside a laser field of linear polarization in Ch. 7. There are certain important
differences between the two kinds of polarization studied in this work. While the
analytical and numerical evaluation of the process in the circularly polarized field
are less complex than in a linearly polarized one, the latter case may be of more
relevance with regard to a possible experimental implementation. We briefly outline
the conclusions of Part II in Ch. 8.
Part III is the second main part of this work, describing the production of muon-
antimuon pairs in electron-positron collisions, again for different setups: like in Part
II, we start by reviewing the field-free process (Ch. 9), then study the process inside
a circularly polarized plane laser field (Ch. 10), and finally in a linearly polarized
one (Ch. 11). We specify the required laser parameters and other experimental
demands in Ch. 12 and then conclude Part III in Ch. 13.
In Part IV, we summarize the findings of this thesis and put them into perspective
with respect to a possible experimental realization. In the Appendices (Part V),
we list some relations and properties that are often used in this work: In Appx. A,
we state the Feynman rules used in this thesis and outline the S-matrix formalism
we employed. In Appx. B, we list some important properties of the Dirac matrices
that are used for the evaluation of the cross sections in Parts II and III. In Appx.
C, we discuss the properties of the Bessel functions occurring throughout this work
and give a few notes on their numerical implementation.

Chapter 2
History of the Higgs Boson
The elementary particles constituting all visible1 matter and the interactions be-
tween them are described by the Standard Model of particle physics [Alt05]. It
contains three families of spin-1/2 particles, each consisting of a doublet of quarks,
a lepton and the corresponding neutrino. The quarks – the constituents of the
protons, neutrons and all other hadrons – carry electroweak as well as strong
charges, while the leptons are endowed with electroweak charges only and therefore
underly the electromagnetic and weak forces only. The interactions between the
spin-1/2 particles are mediated by the exchange of the corresponding gauge bosons,
i.e. the spin-1 vector bosons that carry the fundamental forces. They are the gluons
for strong interactions, the photon for electromagnetic interactions, and the W±
and Z0 bosons for weak interaction processes. The electromagnetic and weak forces
are considered different aspects of the same basic force and thus united into the
so-called electroweak interaction. The fact that the eight gluons (and the photon
as well) are massless stems from the fact that the corresponding gauge symmetries
as generated by the eight color charges (resp. the electric charge) are conserved.
However, the gauge bosons of the weak interaction are very massive: the mass
of the W± bosons is MW ≈ 80.4 GeV/c2 and the Z0 mass is MZ ≈ 91.2 GeV/c2.
This indicates that the gauge symmetry underlying the electroweak force is broken.
This spontaneous symmetry breaking and the resulting masses of the gauge bosons
is governed by the Higgs mechanism which manifests in the existence of a scalar
(i.e. spin-0) particle, the so-called Higgs boson. A detailed introduction into
spontaneous symmetry breaking and the mechanism that supplies the fundamental
particles, in particular the heavy gauge bosons, with their masses can be found e.g.
in [Nac86; DGH96]. We will now give a brief overview of the historical development
of the basic ideas.
The phenomenon that, in some cases, the vacuum (i.e. the lowest-energy state of a
physical system) may partially lack the symmetry of the equations describing the
physical system, is called spontaneous symmetry breaking. It was first observed in
the 1950s, when superconductivity was discovered [BCS57]. In 1964, spontaneous
1Note that the Standard Model does not contain gravitational interactions according to the
General Theory of Relativity, whose influence on fundamental particle processes is negligible on
the experimentally available energy scale. Therefore, it also has no concept of dark energy or
matter, hence the Standard Model describes visible matter.
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Figure 2.1: Model potential of spontaneous symmetry breaking. The vacuum
corresponds to a randomly chosen point with minimal energy, i.e. at the bottom of
the brim of the Mexican hat. The phase is chosen freely, and the rotation around
the brim corresponds to a massless degree of freedom.
symmetry breaking of the electroweak gauge symmetry was introduced into par-
ticle physics [EB64; GHK64; Hig64a; Hig64b]. Spontaneous breaking of the U(1)
symmetry is commonly modeled by an effective potential of the shape of a Mexican
hat, as can be seen in Fig. 2.1. The potential V (φ) with an arbitrary phase φ is
unstable at the origin and has a stable minimum all around the bottom of the brim
of the Mexican hat. The state of lowest energy, i.e. the vacuum, is an arbitrary
point at this bottom of the brim. Rotational movement along the brim corresponds
to a massless degree of freedom. The Higgs boson, a massive scalar (spin-0) particle,
is associated with an oscillation in radial direction; among the 1964 papers men-
tioned above, [Hig64a] is the only one to explicitly postulate such a massive scalar
boson. In 1967, it was first stated that this scalar field could equip the fundamental
fermions with their masses [Wei67; Sal68]. The Higgs mechanism was shown to lead
to a unification of the weak and electromagnetic interactions in 1971 [tH71; tHV72].
After its prediction, phenomenological descriptions of the Higgs boson, by then
considered a crucial constituent of the Standard Model of particle physics, arose
in the early 1970s. The first calculation of the process e+e− → HZ0, i.e. the
associated production of a Higgs and a Z0 boson in electron-positron collisions,
was carried out in 1975 [EGN76]. At that time, the possibility of an experimental
Higgs boson search seemed unrealistic to such an extent that the authors concluded
their work with an apology
to experimentalists for having no idea what is the mass of the Higgs
boson (...) and for not being sure of its couplings to other particles,
except that they are probably all very small. For these reasons, we do
not want to encourage big experimental searches for the Higgs boson,
but we do feel that people doing experiments vulnerable to the Higgs
boson should know how it may turn up.
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Figure 2.2: The two dominant Higgs boson creation processes in an e+e− collision:
The Higgs-strahlung process involving the associated production of a Z0 boson (a)
and W+W− fusion with a neutrino pair in the final state (b).
q
q
(V )
V
H
(a)
q
q
(V )
(V ) H
q
q
(b)
g
g H
Q
(c)
g
g H
Q
Q
(d)
Figure 2.3: Dominant Higgs creation processes in a pp collider: associated
production with a W± or a Z0 boson (denoted by “V ”) (a), weak vector fusion
processes (b), gluon-gluon fusion (c), and associated production with heavy top or
bottom quark (“Q”) (d).
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Despite this somewhat pessimistic assessment, the following decades saw a re-
markable progress in accelerator physics. After discussions about building an
electron-positron collider at CERN had already begun in the late 1970s, the pro-
posal for the Large Electron-Positron Collider (LEP) was officially approved in 1981
[CER]. To date, it is the most powerful lepton collider ever built. It began operating
in mid 1989 and was in use until the end of the year 2000, when it was finally
shut down in order to make room for the Large Hadron Collider (LHC). At first,
search for the Higgs boson was not on the primary agenda of LEP experimentalists,
but from the mid 1980s onwards, CERN reports continuously included studies on
this issue, for the first time in [BBB+86]. The LEP delivered experimental data of
very high precision, confirming many of the theoretical predictions of the Standard
Model. Detailed investigation of the weak gauge bosons, previously discovered at
CERN in proton-antiproton collisions [UA183a; UA183b], allowed for a number
of conclusions regarding different aspects of the Standard Model to be drawn
[ALE06; ALE13].
In e+e− colliders, Higgs bosons can be produced via several processes, among
which the most prominent ones correspond to the Feynman diagrams in Fig.
2.2: firstly, the so-called Higgs-strahlung, i.e. the associated production of a
Higgs and a Z0 boson via2 e+e− → (Z0) → HZ0 involving a virtual Z0 boson
[EGN76; Bjo76; JP79; IK78; LQT77a; LQT77b; MO79; Fin80], and secondly
the Higgs boson production via W+W− fusion, e+e− → νν(W+W−) → ννH
[JP79; CD84; DW85; AMP87; KKZ96]. Although the LEP never discovered the
Higgs boson, the high-precision electroweak data it obtained vastly reduced the
range of possible Higgs boson masses by establishing a lower bound of 114 GeV/c2
[ALE03]. Fermilab’s Tevatron collider, which after LEP’s shutdown and until the
LHC started operating was the leading instance in search for the Higgs boson,
excluded a Higgs boson mass between 156 and 177 GeV/c2 [CDF13]. Despite the
fact that the Tevatron collider had not yet fully exploited its potential, it was shut
down in 2011. During the three decades of its operation, the Tevatron made many
important contributions to the progress of particle physics, among which we would
like to point out the discovery of the top quark [DO 95; CDF95].
Unlike the LEP, the Tevatron was a proton-antiproton collider. The Feynman dia-
grams of the most dominant Higgs production processes in such a hadron collider are
shown in Fig. 2.3. Figure 2.3a shows the associated production with a vector boson
V , i.e. either a Z0 or a W± boson, qq → (V )→ V H [GNY78; FGS79; EHLQ84].
In Fig. 2.3b, the weak vector boson fusion process qq → (V V ) → qqH is shown
[JP79; CD84; DW85; AMP87; KKZ96]. The gluon-gluon fusion process gg → H
via anomalous triangle diagrams involving heavy quarks Q as shown in Fig. 2.3c
was first discussed in [GGMN78]. And finally, Fig. 2.3d shows the associated
production of a Higgs boson and a top [RW79; Kun84; BEGM87; NZ84] or bot-
tom [BHS87; OT88; DW89] quark (denoted by a capital Q because of their large
mass) gg, qq → QQH. A review on the production channels in the different
kinds of particle colliders as well as the dominant decay channels can be found in
[Djo08; GHKD00].
2We mark virtual particles by parenthesizing them instead of giving them an asterisk in order
to keep their upper indices denoting their electric charge.
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The LHC started operating in late 2009 and produced the first 7-TeV pp collision in
March 2010. From then on, the possible mass range for the Higgs boson has been
continuously narrowed down, until it was established that the Higgs mass must be
either between 115 and 127 GeV/c2 or larger than 600 GeV/c2 [CMS12a; ATL12a].
In mid 2012, the detection of a new particle with a mass of approximately 125
GeV/c2 has been confirmed by both the ATLAS and the CMS collaborations
[ATL12b; CMS12b].
In the spring of 2013, it was announced that this particle is most probably a
Higgs boson, as it shows Higgs boson-like properties in all the aspects that have
been examined to date [CER13]. These “Higgs boson-like properties” include
that the discovered particle must have zero spin and positive parity [BFMvdB04].
In addition, its interactions with other particles should coincide with theoretical
predictions. The coupling between a Standard Model-like Higgs boson and a
fundamental fermion must be proportional to the mass of the latter, while for the
massive gauge bosons (W± and Z0), the coupling must be proportional to the
square of their masses. Finally, all of these couplings must be inversely proportional
to the Higgs vacuum expectation value V ≈ 246 GeV [GHKD00].
While some of the underlying properties of the discovered particle may be deduced
from LHC data [DHL+04], further investigation in lepton collisions is necessary
for a more detailed study. The collision of two leptons such as e+e− or µ+µ−
is somewhat easier to describe than a hadron collision. In the latter case, the
respective initial state of the quarks that constitute the colliding particles are not
accessible, whereas the initial lepton states in the former collision are well-known.
In addition, the possible final states are less complicated (cf. Figs. 2.2 and 2.3).
A future linear lepton collider, like the International Linear Collider (ILC) or the
Compact Linear Collider (CLIC) offers several additional opportunities [ILC; CLIC].
For instance, besides very high-precision measurements of the Higgs boson mass
and its couplings to other particles, measurement of its self-coupling is possible
[CLI04; CLI13]. Furthermore, a linear e+e− collider can be easily modified to oper-
ate in different collision schemes; for instance, by replacing the positron beam with
another electron beam, one obtains an e−e− collider which can be converted into
an eγ or γγ collider by superposition with a laser field [GKST81; GKST83; Tel01;
GKP+84]. In the latter case, Higgs bosons can be produced as s-channel resonance
[GH93; BBC93; BZ95; DDHI98; MSK00; SRJ01]. Investigating this process offers
insight into the Higgs boson’s couplings to photons and its charge–parity symme-
tries [Djo08]. Muon-antimuon colliders, as compared to electron-positron colliders,
offer even more opportunities [BCE+04; BBGH97; BBGH95]. For instance, the
direct coupling to the Higgs boson (without an intermediate virtual particle) is
much larger than for electrons and therefore, Higgs boson production in a direct
s-resonance µ+µ− → H is possible. For an overview over the Higgs production and
decay mechanisms in such a µ+µ− collider see [Djo08]. Like e+e− colliders, muon
colliders can be turned into γγ colliders as well. In Part II we study a different
scenario that combines a muon collider with a laser beam.
The Higgs boson discovered at the LHC is consistent with a Standard Model-
like Higgs boson as far as it has been studied up to now. However, from its
comparatively small mass (as compared e.g. to the mass of the top quark) arise
certain problems with regard to the stability of the electroweak vacuum [EEG+09].
The discovered Higgs particle might in fact still be just one of e.g. five different
Higgs bosons, as predicted by simple supersymmetric models [WZ74a; WZ74b]. In
any case, aside from the need for further examination of the boson’s compatibility
with the Standard Model, it will be accompanied by some sort of new physics,
be it supersymmetry [ER01], extra dimensions [CHL07], new strongly-interacting
particles [Wei76] or something that has not even been thought of yet. This can
only be found out about in deeper and more detailed investigations of the Higgs
boson.
Chapter 3
Notation and Units System
We now constitute the notation and units system employed throughout this thesis.
Units System
Unless otherwise stated, we use natural units with ~ = c = 4piε0 = 1 and e =
√
α
[PS95]. The values of these fundamental constants in SI units are [MTN08]
Fundamental Constant Symbol Value
Elementary Charge e 1.602× 10−19 C
Speed of Light c 2.998× 108 m/s
Planck Constant ~ 1.055× 10−34 Js
Vacuum Permittivity ε0 8.854× 10−12 F/m
Finestructure Constant α 1/137
In our units system, mass and energy have the same dimension and are measured
in units of eV, while the unit of time and distance is eV−1. The conversion factors
needed to obtain the corresponding SI units are given by
Dimension Unit SI Unit
Energy eV 1.602× 10−19 J
Mass eV/c2 1.783× 10−36 kg
Momentum eV/c 5.344× 10−28 kg·m/s
Time ~/eV 6.582× 10−16 s
Distance ~c/eV 1.973× 10−7 m
Einstein Notation
Throughout this work, Einstein summation convention [PS95] is used, i.e. wherever
an index appears twice, summation over this index is implied:
aµbµ =
∑
µ
aµbµ .
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Covariant Notation
Components of four-vectors are denoted by Greek letters, spatial components
are indicated with either {x, y, z} or {1, 2, 3}, and spatial vectors are written in
bold face, (aµ) = (a0,a). Products of four-vectors are indicated by parentheses,
(ab) = aµbµ. We employ the metric tensor in its representation [PS95]
gµν =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
 .
With this, covariant vectors are obtained from contravariant vectors via
aµ = gµνa
ν
and thus, for (aµ) = (a0,a), the contravariant vector is (aµ) = (a
0,−a). Thus, the
four-product of a and b is given by
(ab) = aµbµ = a
0b0 − ab
and the square of a four-vector reads
a2 = aµaµ = (a
0)2 − |a|2 .
The volume element of a vector a is denoted by da and we write ∂µ for the partial
derivative with respect to the µ-component of the spacetime coordinate. Where
explicitly written down, the unit matrix is written as 1; there is no distinction
between its symbol and the symbol for the number 1.
Electrodynamics
In order to avoid confusion with energies often denoted by E, we denote the electric
field with E . The electrodynamical four-potential is Aµ = (A0,A), and the tensor
of the electromagnetic field is F µν = ∂µAν − ∂νAµ. We use the Lorentz gauge
[LL91], i.e.
(∂A) = ∂µA
µ = 0 ,
and
A0 = 0 .
With this, the electric field is
E = −∂0A .
With the magnetic field B, the intensity I of an electromagnetic wave is given by
I =
1
8pi
(E2 +B2) = E
2
4pi
,
where the overline indicates the average in time.
15
Dirac Formalism
The γ-matrices are used in the Dirac realization [BD64],
γ0 =
(
1 0
0 −1
)
, γi =
(
0 σi
−σi 0
)
(3.1)
with the Pauli matrices σi. Note that in the definition of γ
0, the “1” denotes the
2x2 identity matrix. The fifth γ-matrix reads
γ5 = iγ0γ1γ2γ3 . (3.2)
We employ Feynman slash notation for four-products of four-vectors with γ-
matrices, γµaµ = 6a. For future usage, we introduce four-component vectors
µ = (δ0µ, δ1µ, δ2µ, δ3µ) with the Kronecker symbol δνµ for which 6µ = γνµν = γµ.
Adjoint spinors (or four-vectors) ψ are defined as
ψ = ψ†γ0
and adjoint matrices are
Γ = γ0Γ†γ0 .
Some major properties of the γ-matrices that are often used in this work are listed
in Appx. B.

Chapter 4
Charged Particles in Plane
Electromagnetic Waves
In this Chapter, we will briefly summarize the behavior of electrically charged
spin-1/2 particles inside a plane electromagnetic field with the four-potential A. We
will first consider the classical particle motion and then, in Sec. 4.2, outline its
quantum mechanical description by the Volkov states.
4.1 Classical Considerations
Along the lines of [IZ80] and [Mu¨l04], we will now consider the motion of a (spinless)
charged elementary particle of mass m and charge −e inside a monochromatic
plane laser wave with the four-potential
Aµ = Aµ(κ) (4.1)
which depends only on the phase κ = (kx), with the wave vector k and the space-
time coordinate x. We assume the Lorenz gauge, (∂A) = 0, and A0 = 0. For the
sake of simplicity, we assume that the plane wave is linearly polarized and can thus
be written as
Aµ(κ) = µf(κ) (4.2)
with an arbitrary function f(κ) and a polarization vector  which fulfills 2 = −1.
The square of the wave vector is k2 = (k) = 0 which is equivalent to the condition
(∂A) = 0 and signifies the transversality of the plane wave. The components of the
electromagnetic field tensor are given by
F µν = ∂µAν − ∂νAµ (4.3)
and, with (4.2), can be written as
F µν = (kµν − kνµ)f ′(κ) . (4.4)
For the electric and magnetic field of the plane wave, E and B, respectively, follows
E = −∂0A and |E| = |B| with EB = 0.
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With this, the relativistic equation of motion for an electron of charge −e is
m
duµ
dτ
= −eF µν uν (4.5)
with the electron’s four-velocity uµ = dxµ/dτ and the proper time τ . Because of
kµF
µν = 0, this leads to (ku(τ)) = (ku(0)) = constant. Therefore, if we choose the
coordinate of the electron at τ = 0 to be the origin, i.e. xµ(0) = 0, we can write
κ = (kx) = (ku(0))τ and replace τ by κ in Eq. (4.5):
duµ
dκ
= − e
m
f ′(κ)
[
(u(κ))
(ku(0))
kµ − µ
]
. (4.6)
This equation is multiplied by µ and then integrated, resulting in
(u(κ)) = (u(0))− e
m
[f(κ)− f(0)] . (4.7)
Inserted in (4.6), this leads to
duµ
dκ
= − e
m
f ′(κ)
{[
(u(0))
(ku(0))
− e
m
f(κ)− f(0)
(ku(0))
]
kµ − µ
}
(4.8)
which can be integrated, yielding the velocity
uµ(κ) =uµ(0)− e
m
[f(κ)− f(0)]
[
(u(0))
(ku(0))
kµ − µ
]
+
e2
2m2
[f(κ)− f(0)]2 k
µ
(ku(0))
. (4.9)
Under the assumption that for κ→∞, the wave is damped adiabatically, f(∞) = 0,
we find the asymptotic velocity
uµ(∞) = uµ(0)− e
m
f(0)µ +
e
m
[
f(0)
(u(0))
(ku(0))
+
e
2m
f 2(0)
(ku(0))
]
kµ . (4.10)
As an example, we consider a linearly polarized wave with f(κ) = a sinκ and
integrate (4.9) in order to obtain xµ,
xµ(κ) =uµ(0)τ + 2
ea
m
sin2 κ/2
(ku(0))
µ
− ea
m
kµ
(ku(0))2
{
2(u(0)) sin2
κ
2
− e
2a2
2m
(2κ− sin(2κ))
}
. (4.11)
The first term in (4.11) corresponds to the free electron motion without the elec-
tromagnetic wave. The second term describes its oscillations along the polarization
direction of the field. The non-periodic part of the third term corresponds to a
drift in the propagation direction of the electromagnetic wave. Besides this drift,
the electron undergoes oscillations in that direction. Without the drift motion, the
superposition of the oscillations in the polarization and propagation directions of
the electromagnetic wave describe a figure-8 motion. If the particle is initially at
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rest, uµ(0) = (1, 0, 0, 0), its trajectory inside the laser field is confined to the plane
spanned by the directions of k and . The amplitude of the oscillation in the direc-
tion of  is given by ea/mω with the angular frequency ω of the electromagnetic
wave. The amplitude of the oscillation along the wave’s propagation direction is
proportional to e2a2/2m2ω. For comparison, we note that inside an electromagnetic
wave of circular polarization, the electron travels along a circular-shaped trajectory
in the plane perpendicular to the propagation direction of the wave. The radius of
this circle is ea/mω [Nol93].
With the Lagrangian L = −m+ e(Au) and Eqs. (4.9) and (4.10), we can write for
the classical action
S(κ) =
∫ τ
0
dτ˜L
=
∫ κ
0
dκ˜
(ku(0))
{
−m+ ef(κ˜)
(
(u(0))− e
m
[f(κ˜)− f(0)]
)}
= −m(u(∞)x) +
∫ κ
0
dκ˜
(ku(∞))
{
e(A(κ˜)u(∞)) + e
2
2m
A2(κ˜)
}
. (4.12)
In the last step, (4.10) has been used under the assumption that f(∞) = 0, leading
to
(u(∞)x) = 1
(ku(0))
∫ κ
0
dκ˜(u(∞)u(κ˜)) = κ
(ku(0))
− e
2
2m2
∫ κ
0
dκ˜
A2(κ˜)
(ku(∞)) . (4.13)
The conjugate momentum of the electron is given by
pµ = ∂µS(κ) = muµ(∞)− k
µ
(ku(0))
[
e(A(κ)u(∞))− e
2
2m
A2(κ)
]
. (4.14)
The asymptotic momentum mu(∞) is the momentum of the electron after leaving
the electromagnetic wave.
The short-time oscillatory movements of the electron can be averaged over so that
one obtains an effective momentum qµ. In periodic fields, the time average over A
is A = 0 and therefore the quasi-momentum reads
qµ = pµ = muµ(∞)− e
2A2
2m(ku(∞))k
µ . (4.15)
The invariant effective mass m∗ corresponding to this effective momentum is given
by q2 = m2 − e2A2. With the dimensionless intensity parameter1
ξ :=
e
m
√
−A2 , (4.16)
the effective mass can be expressed as
m∗ = m
√
1 + ξ2 . (4.17)
1Note that we set A0 = 0 and therefore −A2 = A2 > 0.
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Note that the validity of the expressions for the classical action (4.12), for the
effective momentum (4.15), and for the effective electron mass (4.17) is independent
of the polarization of the electromagnetic wave (4.1).
4.2 Quantum Mechanical Description
We now study the behavior of an electron in a plane electromagnetic wave from a
quantum mechanical point of view following [IZ80; LL91]. The electron state Ψ
must solve the Dirac equation
(i6∂ + e 6A−m)Ψ = 0 (4.18)
with the wave’s four-potential Aµ(κ) from Eq. (4.2). Like in § 40 of [LL91], we
consider solutions to the second-order Dirac equation
(i6∂ + e6A+m)(i6∂ + e6A−m)Ψ = (−∂2 + 2ie(A∂) + e2A2 −m2 + ie 6k 6A′)Ψ = 0
(4.19)
and later omit those solutions that do not solve (4.18). The prime denotes the
derivative with respect to dκ. We now make the ansatz
Ψp = e
−i(px)ϕp(κ) (4.20)
with a constant four-vector pµ satisfying p2 = m2. Inserting this ansatz in (4.19)
leads to
2i(kp)ϕ′p +
[
2e(pA) + e2A2 + ie6k 6A′]ϕp = 0 (4.21)
for the function ϕp. Integration gives
ϕp(κ) = Np exp
(
ie
(kp)
∫ κ
dκ˜
[
(pA(κ˜)) +
e
2
A2(κ˜)
])
exp
(
− e
2(kp)
6k 6A
)
wp (4.22)
with a normalization factor Np and a spinor wp that will be determined later on.
The Lorenz gauge condition leads to the relations
( 6k 6A)2 = 2(kA)6k 6A− 6k2 6A2 = k2A2 = 0 . (4.23)
Therefore, the second exponential function in (4.22) can be written as
exp
(
− e
2(kp)
6k 6A
)
= 1− e
2(kp)
6k 6A . (4.24)
The requirement that for vanishing electromagnetic field, the wave function (4.20)
must solve the free Dirac equation, determines the spinor wp and disposes of
solutions to (4.19) which do not solve (4.18). The spinor wp = u(p, s) must therefore
be a free Dirac spinor corresponding to the momentum p and spin projection s
(A.1). With this, we find the solution to the Dirac equation (4.18)
Ψp = Ψ
(−)
p,s = Np
(
1− e 6k 6A
2(kp)
)
u(p, s)eiS
(−)
(4.25)
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with
S(−) = −(px) + e
(kp)
∫ κ
dκ˜
[
(pA(κ˜)) +
e
2
A2(κ˜)
]
(4.26)
which, for pµ = muµ(∞) from Eq. (4.10), corresponds to the classical action (4.12).
The solutions (4.25) of the Dirac equation in a plane electromagnetic wave have
first been calculated by Volkov in 1935 [Vol35] and are therefore called Volkov
states. The Volkov state for a positron inside the electromagnetic wave is obtained
by replacing pµ by −pµ and u(p, s) by v(p, s):
Ψ(+)p,s = Np
(
1 +
e 6k 6A
2(kp)
)
v(p, s)eiS
(+)
(4.27)
with
S(+) = (px) +
e
(kp)
∫ κ
dκ˜
[
(pA(κ˜))− e
2
A2(κ˜)
]
. (4.28)
The current density jµ [BD64] corresponding to the electronic Volkov state (4.25)
reads
jµ = Ψ
(−)
p,s γ
µΨ(−)p,s = |Np|2
(
pµ + eAµ − e
[
(pA)
(kp)
+
e
2
A2
(kp)
]
kµ
)
. (4.29)
Its time average is
jµ = |Np|2
(
pµ − e
2A2
2(kp)
kµ
)
. (4.30)
We can therefore, like in the classical case, associate the electron motion inside the
electromagnetic wave with an effective momentum
qµ = pµ − e
2A2
2(kp)
kµ = pµ +
m2ξ2
2(kp)
kµ (4.31)
and an effective mass m∗ = m
√
1 + ξ2 with ξ from Eq. (4.16). Eq. (4.31) also
holds for the positronic states (4.27). The energy difference
Epond := q
0 − p0 (4.32)
is called ponderomotive energy. In the non-relativistic limit, it is Epond ≈ −e2A2/2m.
The effective energy and momentum are related in the usual way,
(q0)2 = q2 +m2∗ . (4.33)
We now set the normalization constant to
Np =
√
1
2V q0
(4.34)
with the effective momentum (4.31) and a unit volume V . With this choice, the
0-component of the current density is normalized to j0 = 1/V and the normalization
of the Volkov states leads to∫
d3x(Ψ(±)p,s )
†Ψ(±)p′,s =
∫
d3xΨ
(±)
p,s γ
0Ψ
(±)
p′,s =
(2pi)3
V
δ(p− p′) . (4.35)
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The Volkov states, being solutions of the (time-dependent) Dirac equations, are
not stationary states; in particular, their energy is not a good quantum number.
For an electromagnetic wave propagating in z-direction, it can be shown that the
Volkov states are eigenstates to the operators i∂x, i∂y, and i(∂
0 − ∂z). Therefore,
the good quantum numbers are px, pz, and the difference p
0 − pz, in accordance
with (4.14).
Part II
Higgs Boson Creation in Lepton
Collisions
23
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In this part, we will present our calculations and numerical results for the process
`+`− → HZ0 for different setups. Here, the `± denote leptons and can be either
muon and antimuon or electron and positron. In the first chapter of this part,
we re-derive the well-known cross section for the process `+`− → HZ0 without a
laser field and briefly summarize its main properties. In the following chapters, we
investigate the same process inside a laser field of circular (Ch. 6) and linear (Ch.
7) polarization. In Ch. 8, we briefly summarize the findings of this part.
Where ambiguities are possible, we will specify physical quantities with an index
ff, c, or l, referring to a field-free, circularly polarized or linearly polarized setup,
respectively. However, for the sake of better readability, we will mostly omit these
indices where it is clear that the quantities refer to the setup of the respective
chapter.

Chapter 5
Higgs Boson Creation Without a
Laser Field
In this chapter, we calculate the cross section for the associated creation of a
Higgs boson and a Z0 boson in an e+e− collision without a laser field and briefly
summarize the results. This process is well-understood and can be found in many
textbooks, e.g. in [DGH96]. However, the crucial techniques employed in the
derivation of its cross section re-occur in all the other calculations treated in this
work, and therefore, it is presented in great detail here.
Following the standard procedure as found e.g. in [Nac86], one can derive the
Feynman diagram of Fig. 5.1. We consider a symmetric setup where the momenta
of the incoming electron and positron are
p− = (E, 0, 0, E) , p+ = (E, 0, 0,−E) , (5.1)
respectively. Note that, since the created bosons have very large masses and
therefore the lepton energy E has to be very large, the electron mass m may be
neglected. The c.m. energy is
√
s =
√
(p+ + p−)2 = 2E. We assume that
√
s
vastly exceeds the Z0 resonance so that the finite decay width of the Z0 boson is
negligible. Along the lines of Appxs. B and G of [Nac86], we can now describe the
p+
p
− PZ
PH
q
Figure 5.1: Feynman graph of the process `+`− → HZ0.
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particles and vertices in momentum space (cf. Appx. A). The electron and positron
are described by free Dirac spinors u− = u(p−, s−) and u+ = v(p+, s+) as described
in Ch. 3, depending on the four-momenta p± and spins s±, respectively. The Z0
boson is given by a polarization state (PZ) depending on its four-momentum PZ .
Since the Higgs boson is a scalar particle, it is represented by 1. The lepton vertex
reads −ig
2 cos θW
(gV γ
µ − gAγµγ5) , (5.2)
where g = e/ sin θW is the weak coupling constant with the Weinberg angle θW
and gV and gA are the weak neutral coupling constants (cf. Appx. A). The boson
vertex is
igMZg
νρ
cos θW
(5.3)
with the mass MZ of the Z
0 boson and the metric tensor gµρ. The propagator of
the virtual Z0 boson that propagates between the two vertices is given in Appx. A.
We now obtain the transition amplitude T in momentum space
T = u+︸︷︷︸
e+
−ig
2 cos θW
(gV γ
µ − gAγµγ5)︸ ︷︷ ︸
e+e− vertex
u−︸︷︷︸
e−
−4piigµν + 4piiqµqνM2Z
q2 −M2Z︸ ︷︷ ︸
virtual Z0 boson
1︸︷︷︸
H
igMZg
νρ
cos θW︸ ︷︷ ︸
ZH vertex
∗ρ(PZ)︸ ︷︷ ︸
Z0
,
(5.4)
with the virtual Z0 boson’s momentum q = p+ + p− = (2E, 0, 0, 0).
All terms in Eq. (5.4) that are of order m/
√
s, m/MZ , or m/MH , MH being the
Higgs boson mass, can be neglected. We now consider
u+γ
µ(gV − gAγ5)u−qµ = u+ 6q(gV − gAγ5)u− (5.5)
from the second summand in the Z0 propagator. From Eqs. (A.2) and (A.3) follows
u+ 6p+ = 6p+u+ = −mu+ , (5.6)
6p−u− = mu− .
Therefore, we can neglect
u+ 6q(gV − gAγ5)u− = gV
(
u+ 6p+u− + u+ 6p−u−
)
− gA
(
u+ 6p+γ5u− + u+ 6p−γ5u−
)
= −gA
(
u+ 6p+γ5u− − u+γ5 6p−u−
)
= 2gAmu+γ
5u− ∼ O(m) . (5.7)
With this, we find the transition amplitude in momentum space to be
T = g
2MZ
2 cos2 θW
[u+γ
µ(gV − gAγ5)u−]−4piigµνg
νρ
q2 −M2Z
∗ρ(PZ)
=
2pig2MZ
cos2 θW
[u+γ
µ(gV − gAγ5)u−] −iδµρ
q2 −M2Z
∗ρ(PZ)
=
−2piig2MZ
cos2 θW
1
q2 −M2Z
[u+ 6∗(PZ)(gV − gAγ5)u−] . (5.8)
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From this, the differential cross section can be derived by averaging the square of
the amplitude over the incoming leptons’ spins and summing it over the outgoing
Z0 boson’s polarization. Instead, we will now consider the transition amplitude
in position space and derive the cross section from that, so that the calculation is
compared more easily with the one inside a laser field in the following chapters.
The transition amplitude S in position space is given by
S = −ig
2 cos θW
∫∫∫
1
2V
√
p0+p
0−
u+γµ(gV − gAγ5)u−e−i(p++p−)x
· 4pie
iq(x−y)
(2pi)4
−igµν + iqµqν
M2Z
q2 −M2Z
· igMZgνρ
cos θW
1
2V
√
EZEH
∗ρ(PZ)e
i(PZ+PH)yd4qd4xd4y , (5.9)
where the first line describes the electron-positron vertex, the second line is the
propagator of the virtual Z0 boson and the third line is for the outgoing particles.
V denotes an arbitrary normalization volume. The integrations over the spacetime
coordinates x and y for the leptons and bosons, respectively, can be performed
yielding four-dimensional δ−functions:∫
d4xei(q−p+−p−)x
∫
d4ye−i(q−PZ−PH)y = (2pi)4δ(q − p+ − p−)(2pi)4δ(q − PZ − PH)
= (2pi)8δ(q − p+ − p−)δ(p+ + p− − PZ − PH)
(5.10)
where we made use of the relation [BD64]
δ(a− b)δ(a+ c) = δ(a− b)δ(b+ c) . (5.11)
This allows for the integration over the virtual Z0 boson’s momentum q to be
performed. With p0± = E, q0 = p+ + p− and (q0)
2 = s, the transition amplitude
becomes
S = i(2pi)
5g2MZ
4V 2E cos2 θW
√
EZEH
u+γµ(gV − gAγ5)u−
qµqν
M2Z
− gµν
(s−M2Z)
∗ν(PZ)δ(q0 − PZ − PH)
=
−i(2pi)5g2MZ
4V 2E cos2 θW
√
EZEH(s−M2Z)
u+ 6∗(PZ)(gV − gAγ5)u−δ(q0 − PZ − PH) ,
(5.12)
where we again neglected the qµqν term in the virtual Z0 boson’s propagator (cf. Eq.
(5.7)). In order to obtain a cross section, the square of the transition amplitude has
to be averaged over the initial spins and summed over the outgoing polarizations,
divided by a time unit1 τ and the incoming particle flux |j|, and finally integrated
1Please note that we denote the unit time with the symbol τ in order to avoid ambiguities
with the trace product Tn occurring in the following. It is not to be confused with the proper
time we briefly used in Ch. 4.
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over the final particles’ momenta,
d6σ =
1
4
∑
pol.
∑
spins
|S|2
τ |j|
V d3PZ
(2pi)3
V d3PH
(2pi)3
. (5.13)
With the abbreviation Γ := u+ 6∗(PZ)(gV − gAγ5)u−, we find the spin and polariza-
tion sum
t0 :=
∑
pol.
∑
spins
|Γ|2 = [u+ 6∗(PZ)(gV − gAγ5)u−] [u+ 6∗(PZ)(gV − gAγ5)u−]† (5.14)
with
[u+ 6∗(PZ)(gV − gAγ5)u−]† = u†−(gV − gAγ5)6∗†(PZ)u†+
= u†−γ
0γ0(gV − gAγ5)γ0γ0 6∗†(PZ)γ0γ0u†+
= u−(gV − gAγ0γ5γ0)6(PZ)u+
= u−(gV + gAγ5)6(PZ)u+ . (5.15)
The evaluation of Eq. (5.14) is very crucial and similar summations will occur
again in the following chapters. Therefore, it shall be carried out in detail here.
We can write down the right-hand side of (5.14) component-by-component,
t0 =
∑
pol.
∑
spins
|Γ|2 = u+ 6∗(PZ)(gV − gAγ5)u−u−(gV + gAγ5) 6(PZ)u+
=
∑
pol.
∑
spins
(u+)α (6∗(PZ)(gV − gAγ5))αβ (u−)β(u−)β′
(
(gV + gAγ
5)6(PZ)
)
β′α′ (u+)α′ ,
(5.16)
and with Eqs. (A.4) and (A.5), we find
t0 =
∑
pol.
∑
s+
(u+)α
(
6∗(PZ)(gV − gAγ5)
)
αβ
(6p− −m)ββ′
(
(gV + gAγ
5) 6(PZ)
)
β′α′
(u+)α′
=
∑
pol.
∑
s+
(u+)α
(
6∗(PZ)(gV − gAγ5)
)
αβ
(
(6p− −m)(gV + gAγ5) 6(PZ)
)
βα′
(u+)α′
=
∑
pol.
∑
s+
(
6∗(PZ)(gV − gAγ5)(6p− −m)(gV + gAγ5) 6(PZ)
)
αα′
(u+)α(u+)α′
=
∑
pol.
(
6∗(PZ)(gV − gAγ5)(6p− −m)(gV + gAγ5) 6(PZ)
)
αα′
(6p+ +m)α′α
=
∑
pol.
tr
(
6∗(PZ)(gV − gAγ5)(6p− −m)(gV + gAγ5) 6(PZ)(6p+ +m)
)
=
∑
pol.
tr
(
6∗(PZ)(gV − gAγ5) 6p−(gV + gAγ5)6(PZ)6p+
)
, (5.17)
where in the last step, we neglected all terms of order m and m2. Further, t0
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becomes
t0 =
∑
pol.
(
g2V tr
(
6∗(PZ)6p− 6(PZ)6p+
)
− g2Atr
(
6∗(PZ)γ5 6p−γ5 6(PZ)6p+
)
− gV gAtr
(
6∗(PZ)γ5 6p− 6(PZ) 6p+
)
+ gV gAtr
(
6∗(PZ) 6p−γ5 6(PZ)6p+
))
=
∑
pol.
(
(g2V + g
2
A)tr
(
6∗(PZ)6p− 6(PZ)6p+
)
− 2gV gAtr
(
6∗(PZ)γ5 6p− 6(PZ) 6p+
))
,
(5.18)
where the facts that γ5 anti-commutes with the other γ-matrices and that (γ5)2 = 1
have been used (cf. Appx. B).
We now use Eq. (A.6) and the calculation rules for traces over γ−matrices from
Appx. B and consider the polarization sum over the second trace in Eq. (5.18).
∑
pol.
tr
(
6∗(PZ)γ5 6p− 6(PZ)6p+
)
=
∑
pol.
tr
(
γ5γµγνγσγρ
)
pµ−
ν(PZ)p
σ
+
∗ρ(PZ)
=
∑
pol.
(
−4iεµνσρpµ−ν(PZ)pσ+∗ρ(PZ)
)
= −4iεµνσρpµ−pσ+(−gνρ +
P νZP
ρ
Z
M2Z
)
= −4iεµνσρpµ−pσ+
P νZP
ρ
Z
M2Z
= 0 (5.19)
due to the symmetry of P νZP
ρ
Z and the antisymmetry of εµνσρ. The polarization
sum over the remaining trace in Eq. (5.18) yields
t0 =
∑
pol.
(g2V + g
2
A)tr
(
6∗(PZ) 6p− 6(PZ) 6p+
)
=
∑
pol.
(g2V + g
2
A)tr
(
γµγνγσγρ
)
µ∗(PZ)pν−
σ(PZ)p
ρ
+
= −(g2V + g2A)tr
(
γµγνγµγρ
)
pν−p
ρ
+ +
(g2V + g
2
A)
M2Z
tr
(
γµγνγµγρ
)
P µZp
ν
−P
σ
Zp
ρ
+
= −(g2V + g2A)tr
(
6µ 6p− 6µ 6p+
)
+
(g2V + g
2
A)
M2Z
tr
(
6PZ 6p− 6PZ 6p+
)
= 8(g2V + g
2
A)(p+p−) +
(g2V + g
2
A)
M2Z
(
8(p−PZ)(p+PZ)− 4M2Z(p+p−)
)
= 4(g2V + g
2
A)
(
(p+p−) +
2
M2Z
(p+PZ)(p−PZ)
)
. (5.20)
Note that we employed the vectors µ = (δµ0, δµ1, δµ2, δµ3) mentioned in Ch. 3. The
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spin and polarization sum over the square of the transition amplitude then reads∑
pol.
∑
spins
|S|2 = (2pi)
2g4M2Zt0
16V 4E2 cos4 θWEZEH(s−M2Z)2
∣∣(2pi)4δ(q0 − PZ − PH)∣∣2
=
(2pi)6τg4M2Zt0δ(q0 − PZ − PH)
16V 3E2 cos4 θWEZEH(s−M2Z)2
(5.21)
where we made use of [BD64]
|(2pi)4δ(x)|2 = (2pi)4τV δ(x) (5.22)
with the unit time τ . The incoming particle flux is [LL91]
|j| =
√
(p+p−)2 −m4
V p0+p
0−
=
1
2
s
V E2
, (5.23)
since we neglect O(m). Together with (5.21), we can insert this in Eq. (5.13) to
calculate the differential cross section,
d6σ =
g4M2Zt0δ(q0 − PZ − PH)
32 cos4 θWEZEHs(s−M2Z)2
d3PZd
3PH . (5.24)
We now use the spatial components of the δ−function to integrate over the Z0
boson’s momentum and find
d3σ =
g4M2Zt0δ(2E − EZ − EH)
32 cos4 θWEZEHs(s−MZ)2 d
3PH
∣∣∣∣
PZ=−PH
. (5.25)
We re-write the differential d3PH = |PH |EHdEHdΩH with the solid angle ΩH .
Due to the condition PZ = −PH , the Z0 boson’s energy is dependent on the
Higgs boson’s energy, EZ = EZ(EH), and the argument of the remaining energy-
conserving δ−function is a function of EH , g(EH) = 2E−EZ(EH)−EH . Therefore,
the integral over the Higgs boson’s momentum follows the general rule [BD64]∫
dxf(x)δ(g(x)) =
∑
xi=0
f(xi)
|g′(xi)| (5.26)
where the xi are the roots of the function g(x) and the prime denotes the derivative
with respect to the argument. Here, the argument is EH and we have to calculate
dg(EH)/dEH :
dg(EH)
dEH
=
d
dEH
(
2E − EH −
√
(|PH |2 +M2Z
)
=
d
dEH
(
2E − EH −
√
(E2H −M2H +M2Z
)
= −
(
1 +
EH
EZ
)
= −
√
s
EZ
. (5.27)
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The root of the function g(EH) is at
E0H =
s+M2H −M2Z
2
√
s
. (5.28)
Therefore, the differential cross section is
dσ
dΩH
=
∫
dEH
g4M2Z |PH |t0δ
(
g(EH)
)
32 cos4 θWEZs(s−M2Z)2
∣∣∣∣∣
PZ=−PH
=
g4M2Z |PH |t0
32 cos4 θW s
3
2 (s−M2Z)2
∣∣∣∣∣
PZ=−PH , EH=E0H
. (5.29)
From (5.28) follows for the absolute value of the produced Z0 boson’s
|PZ | = |PH | =
√
E2H −M2H =
√
λ(s,M2Z ,M
2
H)
2
√
s
(5.30)
with
λ(s,M2Z ,M
2
H) := s
2 +M4Z +M
4
H − 2sM2Z − 2sM2H − 2M2ZM2H . (5.31)
With this, we can revisit t0 from Eq. (5.20). The four-product (p+p−) is 2E2 = s/2
and
(p±PZ) = EEZ ± EE3Z = EEZ ± E|PZ | cos ΘZ , (5.32)
leading to
t0 = 4(g
2
V + g
2
A)
(
4E2 +
2E2|PZ |2
M2Z
sin2 ΘZ
)
= 4s(g2V + g
2
A)
(
1 +
|PZ |2
2M2Z
sin2 ΘZ
)
=
1
2
(g2V + g
2
A)
(
8sM2Z + λ(s,M
2
Z)
)
. (5.33)
Since PZ = −PH and thus sin2 ΘZ = sin2 ΘH , we find
dσ
dΩH
=
α2(g2V + g
2
A)
√
λ(s,M2Z ,M
2
H)
128s2 sin4 θW cos4 θW (s−M2Z)2
(
8sM2Z + λ(s,M
2
Z ,M
2
H) sin
2 ΘH
)
, (5.34)
where we used g4 = e4/ sin4 θW = α
2/ sin4 θW . From∫
dΩ(a+ b sin2 θ) = 4pia+
8pi
3
b (5.35)
follows the total cross section for e+e− → Z0H
σ =
√
λ(s,M2Z ,M
2
H)
s
piα2(g2V + g
2
A)
48s cos4 θW sin
4 θW
12sM2Z + λ(s,M
2
Z ,M
2
H)
(s−M2Z)2
. (5.36)
The only restriction in deriving this expression is that the mass m of the colliding
leptons must be small as compared to the leptons’ collision energy. Since the
c.m. energy must be in the order of a few hundred GeV to exceed the creation
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Figure 5.2: Field-free cross section as function of the c.m. energy Ecm =
√
s for
different Higgs boson masses: MH = 120 GeV (green, dashed line), MH = 125 GeV
(red, solid line), and MH = 130 GeV (blue, dashed-dotted line).
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Figure 5.3: Differential cross section as function of the produced Higgs boson’s
polar angle for MH = 125 GeV, E = 122.3 GeV. The total field-free cross section
for this parameter set is maximal, i.e. σ = 212 fb.
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threshold of the heavy bosons, this condition is also fulfilled by muons which
have a rest mass of 105.6 MeV. Therefore, and because it does not depend on the
lepton mass m, the total cross section (5.36) holds for muons as well as for electrons.
Fig. 5.2 shows the dependence of the total cross section (5.36) on the c.m. energy√
s for different Higgs boson masses. Since the recent results of both the ATLAS
and the CMS collaborations at CERN support a Higgs boson mass of MH ≈ 125
GeV [ATL12b; CMS12b], we will focus our further investigations on this value of
MH . It can be seen in Fig. 5.2 that there occurs a maximum of the total cross
section at
√
s ≈ 244.5 GeV and σ(244.5 GeV) ≈ 212 fb.
Fig 5.3 shows the dependence of the differential cross section dσ/d cos ΘH on the
Higgs boson’s polar angle ΘH for MH = 125 GeV. The free lepton energy E = 122.3
GeV is chosen such that the maximum cross section, σ ≈ 212 fb, is reached. The
angular distribution is symmetrical with a maximum at pi/2 which corresponds to
Higgs boson emission perpendicular to the collision axis. Due to the symmetry of
the initial momenta, there is no preference for a certain azimuth angle ΦH and the
integration over dΦH yields a factor 2pi.

Chapter 6
Higgs Boson Creation in a
Circularly Polarized Laser Field
6.1 Analytical Calculation
In this Chapter, we study the process `+`− → HZ0 from Ch. 5 inside a plane laser
wave of circular polarization (cf. Fig. 6.1). The four-potential of such a laser wave
reads
Ac(kx) = a1 cos(kx) + a2 sin(kx) (6.1)
with the space-time coordinate x, the wave vector k = (ω, 0, 0, ω) for a laser with
photon energy ω propagating in the z-direction, and
a1 = (0, a, 0, 0) and a2 = (0, 0, a, 0) , (6.2)
a being the amplitude of the laser field. The above relations lead to the four-
products
A2c = a
2
1 = a
2
2 = −a2 ,
(kA) = (ka1) = (ka2) = (a1a2) = (kk) = 0 . (6.3)
We will omit the index c and assume that, in this chapter, all quantities connected
to the laser field refer to circular polarization.
As seen in Sec. 4, the lepton states must solve the Dirac equation (4.18), which is
satisfied by the Volkov states (4.25). With the relations (6.3) and the abbreviation
κ = (kx), they read
ψ±(x) =
√
1
2V q0−
(
1± e 6k(6a1 cosκ+ 6a2 sinκ)
2(kp±)
)
u±
× exp
(
i
(
±(q±x) + e
(kp±)
(
(p±a1) sinκ− (p±a2) cosκ
)))
, (6.4)
where the spinors are as in the previous Chapter, i.e. u− = u(p−, s−) for leptons
and u+ = v(p+, s+) for antileptons. Eq. (6.4) contains laser-dressed four-momenta
qµ± = p
µ
± + ξ
2 m
2
2(kp±)
kµ , (6.5)
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Figure 6.1: Schematic view of the considered process `+`− → HZ0 inside a laser
field (a) and its Feynman diagram (b). The wiggled lines indicate that the leptons
are described by laser-dressed states.
with the laser intensity parameter ξ as in Eq. (4.16). For a circularly polarized
laser, it reads
ξ :=
ea
m
. (6.6)
Depending on the size of this parameter, the dressed momenta q± can be much
larger than the free momenta p± which may vastly enhance the collision energy.
We can now write down the transition amplitude as in (5.9) but with the Volkov
states ψ± instead of the free Dirac spinors u±:
S = −ig
2 cos θW
∫∫∫
ψ+(x)γµ(gV − gAγ5)ψ−(x)
· 4pie
iq(x−y)
(2pi)4
−igµν + iqµqν
M2Z
q2 −M2Z
· igMZgνρ
cos θW
1
2V
√
EZEH
∗ρ(PZ)e
i(PZ+PH)yd4qd4xd4y , (6.7)
where, as before, the first integral contains the leptonic current Jµ, the second line
is the propagator of the virtual Z0 boson and the third line describes the outgoing
particles. The expression for the transition amplitude is very similar to the one in
the field-free case, the only difference being in the leptonic current since all other
particles do not carry electric charge and thus do not interact with the laser field.
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6.1.1 Expansion of the Leptonic Current
We now use the abbreviation Γµ = γµ(gV − gAγ5). Written out, the current Jµ is
given by
2V
√
q0+q
0−Jµ =
∫
d4xψ+Γµψ−
=
∫
d4x
(
1 +
e6k 6A
2(kp+)
)
u+Γµ
(
1− e6k 6A
2(kp−)
)
u−
× exp
(
−i
(
(q+x) +
e
(kp+)
(
(p+a1) sinκ− (p+a2) cosκ
)))
× exp
(
i
(
−(q−x) + e
(kp−)
(
(p−a1) sinκ− (p−a2) cosκ
)))
=
∫
d4xu+
(
1 +
e 6A6k
2(kp+)
)
Γµ
(
1− e6k 6A
2(kp−)
)
u−
× exp (−i(q+ + q−)x)× exp (−i(α1 sinκ− α2 cosκ))
=
∫
d4xu+
[(
6µ− e
2a2kµ
2(kp+)(kp−)
6k
)
(gV − gAγ5)
+
e
2
(( 1
(kp+)
6a1 6kΓµ − 1
(kp−)
Γµ 6k 6a1
)
cosκ
+
( 1
(kp+)
6a2 6kΓµ − 1
(kp−)
Γµ 6k 6a2
)
sinκ
)]
u−
× exp (−i(q+ + q−)x)× exp (−i(α1 sinκ− α2 cosκ)) (6.8)
with
αj =
e(p+aj)
(kp+)
− e(p−aj)
(kp−)
. (6.9)
Following standard QED procedure [Rit85], the functions f(κ) = exp(−i(α1 sinκ−
α2 cosκ)), sinκf(κ), and cosκf(κ) can be expanded in Fourier series of the form
f(κ) =
∞∑
n=−∞
bne
−inκ ,
cos(κ) f(κ) =
∞∑
n=−∞
cne
−inκ ,
sin(κ) f(κ) =
∞∑
n=−∞
dne
−inκ (6.10)
with the coefficients
bn = Jn(α)e
inκ0 ,
cn =
1
2
(
Jn+1(α) e
i(n+1)κ0 + Jn−1(α) ei(n−1)κ0
)
,
dn =
1
2i
(
Jn+1(α) e
i(n+1)κ0 − Jn−1(α) ei(n−1)κ0
)
. (6.11)
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The summation index n corresponds to the number of laser photons that are
absorbed (n > 1) or emitted (n < 1) at the lepton vertex. Large numbers n can
further enhance the collision energy. The coefficients contain the regular cylindrical
Bessel functions Jn(α¯) of integer order n [AS65]. The argument of the Bessel
functions is
α =
√
α21 + α
2
2 (6.12)
and the angle κ0 is given by
cosκ0 =
α1
α
, sinκ0 =
α2
α
. (6.13)
Thus, we can introduce the dimensionless spinor-matrix product
Mnµ := u+
(( 6µ− e2a2kµ
2(kp+)(kp−)
6k)(gV − gAγ5) · bn
+
e
2
([ 1
(kp+)
6a1 6k 6µ(gV − gAγ5)− 1
(kp−)
6µ(gV − gAγ5)6k 6a1
] · cn
+
[ 1
(kp+)
6a2 6k 6µ(gV − gAγ5)− 1
(kp−)
6µ(gV − gAγ5)6k 6a2
] · dn))u−
=: u+∆
n
µu− , (6.14)
and the leptonic current becomes
Jµ =
1
2V
√
q0+q
0−
∞∑
n=−∞
∫
d4xMnµ · e−i
(
q++q−
)
x · e−in(kx) . (6.15)
With this, the transition amplitude (6.7) becomes
S =
∞∑
n=−∞
∫∫∫
4pi
4(2pi)4V 2
√
q0+q
0−EZEH
−ig
2 cos θW
Mnµ
−igµν + iqµnqνn
M2Z
q2 −M2Z
igMZgνρ
cos θW
∗ρ(PZ)
× ei(q−q+−q−−nk)xe−i(q−PH−PZ)yd4xd4yd4q
=
∑
n
∫
d4q
1
4(2pi)3V 2
√
q0+q
0−EZEH
g2MZ
cos2 θW
Mnµ
−igµν + iqµnqνn
M2Z
q2 −M2Z
gνρ
∗
ρ(PZ)
× (2pi)4δ(q − q+ − q− − nk)(2pi)4δ(q − PH − PZ)
=
∑
n
(2pi)5
4V 2
√
q0+q
0−EZEH
g2MZ
cos2 θW
Mnµ
−igµν + iqµnqνn
M2Z
q2n −M2Z
gνρ
∗
ρ(PZ)δ(qn − PH − PZ)
=:
∑
n
Sn (6.16)
where we again made use of the relation (5.11) to combine the two δ-functions
stemming from the integrations over the space-time coordinates x and y. The
four-momentum of the virtual Z0 boson, qn, is given by qn = q+ + q− + nk and
thus depends on the incoming particles’ laser-dressed momenta q± and the number
of photons n absorbed from or emitted to the laser field.
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6.1.2 The Differential Cross Section
The differential cross section is derived from the transition amplitude in the same
way as in Ch. 5, i.e. by summing the square over the Z0 boson’s polarization
states, averaging it over the initial spins, and division by a unit time τ and the
incoming particle flux |j|:
d6σ =
1
4
∑
pol.
∑
spins
|S|2
τ |j|
V d3PZ
(2pi)3
V d3PH
(2pi)3
. (6.17)
This expression is similar to (5.13).
The Square of the Transition Amplitude
Due to the occurrence of the photon order n in the four-momentum conserving
δ-function in Eq. (6.16), squaring the amplitude does not involve a double sum
over two different summation indices,∑
n
∑
n′
δ(qn − PH − PZ)δ(qn′ − PH − PZ) =
∑
n,n′
δnn′δ(qn − PH − PZ), (6.18)
and therefore |S|2 = ∑n|Sn|2 with
|Sn|2 = (2pi)
2g4M2Z
16V 4q0+q
0−EZEH cos4 θW
∣∣∣∣∣∣Mnµ
−igµρ + iqµnqρn
M2Z
q2n −M2Z
∗ρ(PZ)(2pi)
4δ(qn − PZ − PH)
∣∣∣∣∣∣
2
=
(2pi)6τg4M2Zδ(qn − PH − PZ)
16V 3q0+q
0−EZEH cos4 θW
×
[
Mnµ
−igµρ + iqµqρ
M2Z
q2n −M2Z
∗ρ(PZ)
][
Mnν
−igνσ + iqνnqσn
M2Z
q2n −M2Z
∗σ(PZ)
]†
. (6.19)
Note that the square of the δ-function has been treated as in Eq. (5.22), yielding a
unit time τ and a unit volume V .
The Spin and Polarization Sum over the Square of the Amplitude
We now define the abbreviation
Tn : =Mnµ(−gµρ +
qµnq
ρ
n
M2Z
)∗ρ(PZ)
= u+
[
1
M2Z
∆nµq
µ
nq
ρ
n
∗
ρ(PZ)−∆nµ∗µ(PZ)
]
u− (6.20)
with the matrix ∆nµ as defined in Eq. (6.14), and write
|Sn|2 = (2pi)
6
16V 3q0+q
0−EZEH
g4M2Z
cos4 θW
τδ(qn − PZ − PH)
(q2n −M2Z)2
TnT
†
n . (6.21)
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The adjoint is
T †n = u
†
−γ
0γ0
[
1
M2Z
∆n†ν γ
0γ0qνnq
σ
nσγ
0γ0 −∆n†ν ν(PZ)γ0γ0
]
u†+
= u−
[
1
M2Z
∆
n
νq
ν
nq
σ
nσ(PZ)−∆nν ν(PZ)
]
u+ . (6.22)
In the same manner as in the previous chapter, the spin and polarization sum over
TnT
†
n yields∑
pol.
∑
spins
TnT
†
n
=
∑
pol.
∑
s+
∑
s−
u+
[
1
M2Z
∆nµq
µ
nq
ρ
n
∗
ρ(PZ)−∆nµ∗µ(PZ)
]
u−u−
×
[
1
M2Z
∆
n
νq
ν
nq
σ
nσ(PZ)−∆nν ν(PZ)
]
u+
=
∑
pol.
( 1
M4Z
(
qn(PZ)
)(
qn
∗(PZ)
)
tr
[
∆nµq
µ
n 6p−∆nνqνn 6p+
]
+ tr
[
∆µn
∗
µ(PZ) 6p−∆nν ν(PZ)6p+
]
− 1
M2Z
(
qn
∗(PZ)
)
tr
[
∆nµq
µ
n 6p−∆nν ν(PZ)6p+
]
− 1
M2Z
(
qn(PZ)
)
tr
[
∆µn
∗
µ(PZ) 6p−∆nνqνn 6p+
])
=
1
M4Z
(
(qnPZ)
2
M2Z
− q2n
)
tr
[
∆nµq
µ
n 6p−∆nνqνn 6p+
]
,
+
1
M2Z
tr
[
∆nµP
µ
Z 6p−∆
n
νP
ν
Z 6p+
]
− tr
[
∆nµ 6p−∆µn 6p+
]
,
+
1
M2Z
tr
[
∆nµq
µ
n 6p−∆nνqνn 6p+
]
− 1
M4Z
(qnPZ)tr
[
∆nµq
µ
n 6p−∆nνP νZ 6p+
]
,
+
1
M2Z
tr
[
∆nµq
µ
n 6p−∆nνqνn 6p+
]
− 1
M4Z
(qnPZ)tr
[
∆nµP
µ
Z 6p−∆
n
νq
ν
n 6p+
]
=
1
M4Z
(
(qnPZ)
2
M2Z
− q2n + 2M2Z
)
tr
[
∆nµq
µ
n 6p−∆nνqνn 6p+
]
+
1
M2Z
tr
[
∆nµP
µ
Z 6p−∆
n
νP
ν
Z 6p+
]
− tr
[
∆nµ 6p−∆µn 6p+
]
− (qnPZ)
M4Z
tr
[
∆nµq
µ
n 6p−∆nνP νZ 6p+
]
− (qnPZ)
M4Z
tr
[
∆nµP
µ
Z 6p−∆
n
νq
ν
n 6p+
]
=: tn . (6.23)
The evaluation of these traces using the relations of Appx. B is very lengthy
and therefore omitted in this discussion. It has been included in the numerical
calculation of the total cross section.
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With the laser-dressed flux [LL91]
|j| =
√
(q+q−)2 −m4∗
V q0+q
0−
(6.24)
of the incoming particles containing their laser-dressed four-momenta q±, we find
d6σ =
∑
n
g4M2Z
64EZEH cos4 θW
√
(q+q−)2 −m4∗
tnδ(qn − PZ − PH)
(q2n −M2Z)2
d3PZd
3PH .
(6.25)
6.1.3 The Total Cross Section
The integration over the produced Z0 boson’s momentum d3PZ can be performed
eliminating the spatial components of the δ-function in (6.25),
d3σ =
∑
n
g4M2Ztnδ(q
0
n − EZ − EH)
64EZEH cos4 θW
√
(q+q−)2 −m4∗(q2n −M2Z)2
d3PH
∣∣∣∣∣
PZ=qn−PH
, (6.26)
and we remain with an energy-conserving δ-function. As before, we re-write the
differential d3PH = |PH |EHdEHdΦHd cos ΘH . Since there is no dependence on the
azimuth angle φH , the integration over dφH just gives a factor 2pi. Unlike in the
field-free case, the remaining δ-function is used for the integration over d cos ΘH
now instead of dEH because the argument of the δ-function depends on EH in a
nonlinear way. Defining
g(cos ΘH) = q
0
n − EZ − EH
= q0n − EH −
√
|PZ |2 +M2Z
= q0n − EH −
√
|qn − PH |2 +M2Z
= q0n − EH −
√
|qn|2 + |PH |2 − 2|qn||PH | cos ΘH +M2Z (6.27)
with one root at
cos Θ0H =
M2Z −M2H − q2n + 2q0nEH
2|qn||PH | (6.28)
and the derivative
g′(cos ΘH) =
|PH ||qn|
EZ
, (6.29)
we can integrate over d cos ΘH . The restriction that |cos ΘsH| ≤ 1 leads to the
integration limits
EminH =
1
2
(q2n +M
2
H −M2Z)
q0n
q2n
− |qn|
2q2n
√
λ(q2n,M
2
Z ,M
2
H)
EmaxH =
1
2
(q2n +M
2
H −M2Z)
q0n
q2n
+
|qn|
2q2n
√
λ(q2n,M
2
Z ,M
2
H) (6.30)
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for the integration over dEH . The function λ(q
2
n,M
2
Z ,M
2
H) is defined as in (5.31)
from the previous Chapter. With g4 = α2/ sin4 θW , the final expression for the
total cross section reads
σ =
∑
n
∫ EmaxH
EminH
dEH
2piα2M2Ztn
64 cos4 θW sin
4 θW (q2n −M2Z)2
√
(q+q−)2 −m4∗|qn|
∣∣∣∣∣
PZ=qn−PH
cos ΘH=cos Θ
0
H
=:
∑
n
σn . (6.31)
Note that it can be written as a sum over partial cross sections σn of order n.
The final integration has been performed numerically. Its results are presented in
the following Sec. 6.2. Please also note that the field-free cross section (5.36) is
reproduced in the limit of vanishing laser field, i.e. for a→ 0, as we would like to
derive now.
6.1.4 Reproduction of the Field-Free Cross Section
In order to derive the field-free cross section (5.36), we first consider the matrix
∆nµ occurring in the spinor-matrix product (6.14):
∆nµ =
( 6µ− e2a2kµ
2(kp+)(kp−)
6k)(gV − gAγ5) · bn
+
e
2
[ 1
(kp+)
6a1 6k 6µ(gV − gAγ5)− 1
(kp−)
6µ(gV − gAγ5)6k 6a1
] · cn
+
e
2
[ 1
(kp+)
6a2 6k 6µ(gV − gAγ5)− 1
(kp−)
6µ(gV − gAγ5)6k 6a2
] · dn . (6.32)
Since, in the case without a laser field, the laser intensity parameter ξ vanishes,
so does the product ea = ξ/m. Also, no photons are available for absorption and
therefore n = 0. Thus, we only have
∆ffµ = 6µ(gV − gAγ5) · b0 (6.33)
and
∆
ff
ν = (gV + gAγ5)6ν · b∗0 (6.34)
and the product
|b0|2 = 1 . (6.35)
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With this, the trace product (6.23) becomes
tff =
1
M4Z
(
(q0PZ)
2
M2Z
− q20
)
tr
[
6q0(gV − gAγ5) 6p−(gV + gAγ5) 6q0 6p+
]
+
1
M2Z
tr
[
6PZ(gV − gAγ5) 6p−(gV + gAγ5) 6PZ 6p+
]
− tr
[
6µ(gV − gAγ5)6p−(gV + gAγ5)6µ 6p+
]
+
1
M2Z
tr
[
6q0(gV − gAγ5)6p−(gV + gAγ5)6q0 6p+
]
− 1
M4Z
(q0PZ)tr
[
6q0(gV − gAγ5)6p−(gV + gAγ5)6PZ 6p+
]
+
1
M2Z
tr
[
6q0(gV − gAγ5)6p−(gV + gAγ5)6q0 6p+
]
− 1
M4Z
(q0PZ)tr
[
6PZ(gV − gAγ5)6p−(gV + gAγ5)6q0 6p+
]
=
( 1
M4Z
(
(q0PZ)
2
M2Z
− q20
)
+
2
M2Z
)
tr
[
6q0(gV − gAγ5)6p−(gV + gAγ5)6q0 6p+
]
− 1
M4Z
(q0PZ)
(
tr
[
6q0(gV − gAγ5)6p−(gV + gAγ5)6PZ 6p+
]
+ tr
[
6PZ(gV − gAγ5)6p−(gV + gAγ5)6q0 6p+
])
+
1
M2Z
tr
[
6PZ(gV − gAγ5) 6p−(gV + gAγ5) 6PZ 6p+
]
− tr
[
6µ(gV − gAγ5)6p−(gV + gAγ5)6µ 6p+
]
. (6.36)
Making use of the properties of the γ-matrices given in Appx. B, we find the trace
in the first line of (6.36) to be
tr
[
6q0(gV − gAγ5)6p−(gV + gAγ5)6q0 6p+
]
= (g2V + g
2
A)tr
[
6q0 6p− 6q0 6p+
]
+ 2gV gA tr
[
6q0 6p−γ5 6q0 6p+
]
︸ ︷︷ ︸
=0
= 4(g2V + g
2
A)
[
2(q0p+)(q0p−)− q20(p+p−)
]
= 4(g2V + g
2
A)
[
2 · 2E2 · 2E2 − 4E2 · 2E2
]
= 0 . (6.37)
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The second and third traces become
tr
[
6q0(gV − gAγ5)6p−(gV + gAγ5)6PZ 6p+
]
= (g2V + g
2
A)tr
[
6q0 6p− 6PZ 6p+
]
+ 2gV gAtr
[
6q0 6p−γ5 6PZ 6p+
]
and
tr
[
6PZ(gV − gAγ5)6p−(gV + gAγ5)6q0 6p+
]
= (g2V + g
2
A)tr
[
6PZ 6p− 6q0 6p+
]
− 2gV gAtr
[
6q0 6p−γ5 6PZ 6p+
]
. (6.38)
Therefore, the sum yields
2(g2V +g
2
A)tr
[
6q0 6p− 6PZ 6p+
]
= 8(g2V + g
2
A)
[
(q0p−)(PZp+) + (q0p+)(PZp−)− (q0PZ)(p+p−)
= 8(g2V + g
2
A)
[
2E2 · (EZE + P 3ZE) + 2E2(EZE − P 3ZE)− 2EZE · 2E2
]
= 0 . (6.39)
The next-to-last line in (6.36) yields
1
M2Z
tr
[
6PZ(gV − gAγ5)6p−(gV + gAγ5)6PZ 6p+
]
=
4
M2Z
(g2V + g
2
A)
[
2(PZp+)(PZp−)− P 2Z(p+p−)
]
(6.40)
and the last line is
−tr
[
6µ(gV − gAγ5)6p−(gV + gAγ5)6µ 6p+
]
= 8(g2V + g
2
A)(p+p−) . (6.41)
With this, the trace product is
tff = 4(g
2
V + g
2
A)
[
(p+p−) +
2
M2Z
(PZp+)(PZp−)
]
=
1
2
(g2V + g
2
A)
[
8s+
λ(s,M2Z ,M
2
H) sin
2 ΘZ
M2Z
]
, (6.42)
which has been derived as in (5.20).
We can now insert this trace product into Eq. (6.25) and obtain
d6σ =
g4M2Z
256(2pi)2EZEH cos4 θW
√
(p+p−)2 −m4
t0δ(q0 − PZ − PH)
(q20 −M2Z)2
d3PZd
3PH
=
g4 · 1
2
(g2V + g
2
A)(8sM
2
Z + λ(s,M
2
Z ,M
2
H) sin
2 ΘZ)δ(q0 − PZ − PH)
256(2pi)2EZEH cos4 ΘW
1
2
s(s−M2Z)2
d3PZd
3PH .
(6.43)
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As before, we integrate over d3PZ and eliminate the three momentum dimensions
of the δ-function. Again with d3PH = |PH |EHdEHdΦHd cos ΘH , this leads to
dσ
dΩH
=
∫
dEH
g4(g2V + g
2
A)(8sM
2
Z + λ(s,M
2
Z ,M
2
H) sin
2 ΘH)δ(2E − EZ − EH)|PH |
256s(2pi)2EZ cos4 ΘW (s−M2Z)2
∣∣∣∣
PZ=−PH
.
(6.44)
We can perform the integration like in Ch. 5 and obtain
dσ
dΩ
=
α2(g2V + g
2
A)(8sM
2
Z + λ(s,M
2
Z ,MH) sin
2 ΘH)
√
λ(s,M2Z ,M
2
H)
128s2 cos4 ΘW sin
4 ΘW (s−M2Z)2
∣∣∣∣∣
PZ=−PH ,EH=E0H
,
(6.45)
which is Eq. (5.33) and of course leads to the total cross section in the field-free
case (5.36):
σff =
√
λ(s,M2Z ,M
2
H)
s
piα2(g2V + g
2
A)
48s cos4 θW sin
4 θW
12sM2Z + λ(s,M
2
Z ,M
2
H)
(s−M2Z)2
∣∣∣∣∣
PZ=−PH ,EH=E0H
.
(6.46)
6.2 Numerical Results
6.2.1 Setup and Collision Momenta in the Laser Field
In this section, the results of the numerical calculation of the cross section (6.31)
are presented for a setting where the leptons are moving along the propagation
direction z of the laser beam and their free momenta p± satisfy p3+ = −p3− and
therefore both particles have the same free energy p0 ≡ p0− = p0+. For this setup,
we can find simple approximations for the laser-dressed energies q0± from Eq. (6.5).
Without loss of generality, we assume that the particle that co-propagates with
the laser field is the lepton and the counterpropagating particle is the antilepton.
Then, q0− becomes
q0− = p
0
− +
m2ξ2ω
2ω(p0− − p3−)
= p0 +
((p0)2 − (p3−)2)ξ2
2(p0 − p3−)
= p0 +
(p0 + p3−)ξ
2
2
≈ p0(1 + ξ2)
(6.47)
where we made use of p3− ≈ p0 due to the highly relativistic free energy of the
lepton. Hence, the co-moving lepton may experience a large energy shift, depend-
ing on the size of the laser intensity parameter ξ (6.6). For the energy of the
counterpropagating antilepton, we find instead
q0+ = p
0 +
m2ξ2
2(p0 + p3−)
≈ p0 , (6.48)
under the assumption that ξ  p0/m which is satisfied for all present-day and
near-future lasers. The energy of the counterpropagating lepton is thus nearly
unaffected by the laser field.
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Since the lepton and antilepton are traveling along the laser propagation direction,
the four-products (p±aj) are 0 and thus the argument (6.9) of the Bessel functions
in (6.11) is 0. Since all Bessel functions except J0(α) have a root at α = 0 (cf.
Appx. C) and Bessel functions of orders Jn+1, Jn and Jn−1 occur in the expansion
of the leptonic current, the only partial cross sections σn that contribute to the
total cross section are those of photon order n = −1, 0, or 1. This corresponds to
the emission of one photon, zero emission or absorption, and the absorption of one
photon from the laser field, respectively.
For reasons that will become clear in the following Sec. 6.3, we assume that in the
following, the colliding leptons are a muon and an antimuon instead of electron
and positron.
6.2.2 Maximum Cross Section
As mentioned in Ch. 5, the field-free cross section only depends on the total
collision energy and, for the Higgs boson mass MH = 125 GeV as found at CERN
[CMS12b; ATL12b], is maximal for Ecm ≈ 244.5 GeV. Without a laser field, this
requires initial muon energies of p0 ≈ 122 GeV. Inside a laser field, however, the
collision energy is determined by the laser-dressed momenta q± (6.5) instead of
the free momenta p±. Assuming an intensity parameter of ξ = 1, Eqs. (6.47) and
(6.48) imply that free muon energies of only p0 ≈ 86.45 GeV are required to obtain
Ecm = 244.5 GeV. For ξ = 3, only p
0 ≈ 38.66 GeV is needed. Assuming an optical
laser with a wave length ω = 1 eV, corresponding to a wavelength of λ ≈ 1.2 µm,
and muons as colliding particles, ξ = 1 would correspond to a laser intensity of
I ≈ 7.6× 1022 W/cm2, and ξ = 3 would mean I ≈ 6.8× 1023 W/cm2.
Note that in the trace product tn from Eq. (6.23), the wave vector k always appears
both in the numerator and in the denominator. It is therefore independent of the
photon energy ω. The only occurrence of the wave vector without it canceling out
is in the argument of the Bessel functions. Since, in the kinematic constellation we
are considering, this argument is α = 0, the cross section does not depend on the
photon energy ω. It only plays a role in the determination of the laser intensity
parameter ξ from the laser intensity I.
6.2.3 Produced Higgs Boson’s Energy Distribution
As seen in Ch. 5, in the field-free case, the Higgs boson’s energy is fixed by a
δ-function. Due to the vast difference between the incoming muon’s and antimuon’s
momenta q±, the lab frame no longer corresponds to the c.m. system when the
laser field is superimposed. In order to find the Higgs boson’s energy in the new
c.m. system, a Lorentz transformation is necessary. There, the momenta q′± of the
colliding leptons and, in particular, their z-components are opposite and equal:
q′3− = −q′3+ (6.49)
⇔ γcm(q3− − βcmq0−) = −γcm(q3+ − βcmq0+) ,
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Figure 6.2: Differential cross sections dσ/dEH for different parameter sets. In
both cases, the free muon momenta are such that Ecm ≈ 244.5 GeV and the
integration over the spectra yields the maximum cross section, σ ≈ 212 fb.
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Figure 6.3: Partial differential cross sections dσn/dEH for the same parameter
sets as in Fig. 6.2. In both cases, the red solid line represents dσ0, the green dashed
line is dσ1, and the blue dashed-dotted line is dσ−1.
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Figure 6.4: Ratio of partial and total cross sections σn/σ as a function of the
laser intensity parameter ξ. The red solid line represents σ0/σ, i.e. zero absorption
or emission, the green dashed line is σ1/σ, and the blue dashed-dotted line is σ−1/σ.
The contribution of the respective photon orders is independent of the collision
energy but only depends on the laser intensity.
where γcm and βcm are the Lorentz factor and the velocity of the c.m. system with
respect to the lab frame. From (6.49) follows
βcm =
q3+ + q
3
−
q0+ + q
0−
. (6.50)
The produced Higgs boson has a fixed energy E ′H in the c.m. system. From Eq.
(5.28) in Ch. 5, we know that in the c.m. system, the Higgs boson’s energy is
E ′H =
s+M2H −M2Z
2
√
s
. (6.51)
The momentum in z-direction has the maximum value
P ′3max =
√
E ′2H −M2H . (6.52)
Performing the Lorentz transformation back into the lab system, we find that the
Higgs boson’s energy may vary between the values
EminH = γcm(E
′
H − βcmP ′3max) and (6.53)
EmaxH = γcm(E
′
H + βcmP
′3
max) .
The width of the spectrum in the lab frame therefore is
∆EH = 2βcmP
′3
max . (6.54)
Fig. 6.2 shows the differential cross section dσ/dEH as a function of the Higgs
boson’s energy EH for different sets of parameters. In both cases, the photon
6.2 Numerical Results 51
−3.5
−3.0
−2.5
−2.0
−1.5
−1.0
−0.5
0
−200 −100 0 100 200
(d
σ
∗ 1
−
1
)
×
1
0
11
E
∗
H
− EH in keV
Figure 6.5: Partial differential cross section dσ1/dEH for ξ = 1, p0± ≈ 76.43386
GeV, ω = 1 eV. One photon is absorbed, the creation threshold is exceeded by 3.5
eV. The y-axis shows dσ∗1 − 1, dσ∗1 being the ratio between dσ1(EH)/dEH and its
maximum value ≈ 2.8 fb/GeV, and the x-axis shows the difference between EH
and the center of the allowed energy range E∗H ≈ 132.58 GeV.
energy ω = 1 eV and the free momenta are chosen such that Ecm would yield the
maximum cross section in the field-free case, i.e. p0± ≈ 86.45 GeV for ξ = 1 and
p0± ≈ 38.66 GeV for ξ = 3. In both cases, the integral over the spectrum reproduces
the field-free cross section σ ≈ 212 fb. Both spectra are symmetrical and have a
maximum at the center of the allowed energy range. The respective width of the
spectrum, i.e. ∆EH ≈ 40 GeV for ξ = 1 and ∆EH ≈ 160 GeV for ξ = 3, agrees
with Eq. (6.54).
Partial Differential Cross Sections
Fig. 6.3 shows the contribution of the respective photon orders to the differential
cross section for the same parameter sets as in Fig. 6.2. The shape of the partial
differential cross sections is the same as in Fig. 6.2, i.e. they are symmetric and
have a maximum in the center of the allowed energy range. For ξ = 1, the main
contribution stems from σ0, i.e. the term where no absorption or emission of
laser photons takes place. This term yields 50 % of the total cross section. The
absorption of one laser photon yields about 30 % of the total cross section, and the
remaining 20 % come from the emission of one photon. The situation is different
for ξ = 3. Here, the main contribution, yielding about 52 % of the total cross
section, is the one from the absorption of one laser photon. σ−1 yields the second
largest fraction, 38 %, and only 10 % of the total cross section stem from the
zero-absorption or emission term σ0. It is found that the ratio of the partial and
the total cross section is independent of the collision energy. It only depends on the
laser parameter ξ and thus on the asymmetry of the colliding leptons’ momenta
(Fig. 6.4). For small laser intensity parameters ξ, the main contribution comes
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from σ0 which agrees with the fact that without the laser field, there is only σ0.
Both the contribution of σ1 and σ−1 increase with increasing laser intensity, while
the contribution from σ0 decreases.
6.2.4 Small Energy Excess
So far, we have shown differential cross sections for the collision energy exceeding
the boson creation threshold by the amount that leads to the maximum cross
section. This is surely the most interesting setting with regard to experimental
realization. However, from a theoretical point of view, it is also interesting to look
at a different energy excess. If more energy is available in the collision, i.e. if
Ecm > 244.5 GeV, the main properties of the differential cross sections remain the
same as above. However, if the creation threshold is exceeded by a small amount of
energy only, the partial differential cross sections’ dependences on the Higgs boson’s
energy change. Since in this case only a narrow range of Higgs boson energies are
allowed, we define the center E∗H of the allowed energy range,
E∗H :=
EmaxH − EminH
2
(6.55)
with the limits EminH and E
max
H from Eq. (6.30). Additionally, the spectra are very
flat. Therefore, we define the ratio dσ∗n as
dσ∗n :=
dσn(EH)
dEH
(
dσmaxn
dEH
)−1
, (6.56)
i.e. the ratio between the differential cross section and its maximum value
dσmaxn /dEH .
Fig. 6.5 shows the partial differential cross section dσ1/dEH for ξ = 1, ω = 1 eV,
and p0± ≈ 76.43 GeV. With one absorbed laser photon, the creation threshold is
exceeded by 3.5 eV. The width of the allowed energy range of the produced Higgs
boson is only 413 keV. The x-axis therefore shows the difference to the center E∗H
of the allowed energy range. Here, E∗H ≈ 132.58 GeV. The difference between 1
and the ratio dσ∗1 is shown on the y-axis. The maximum of the spectrum is not at
the center, but at a smaller value of the Higgs boson’s energy. Figs. 6.6a and 6.6b
show the same distribution for zero absorption and the emission of one photon,
respectively. In the former case, the creation threshold is exceeded by 2.5 eV and
the width of the spectrum is 365 keV. In this case, the maximum of the spectrum
lies at a larger value of the Higgs boson’s energy. In the case where one laser
photon is emitted, the energy excess is 1.5 eV, the width of the spectrum is 311
keV, and the maximum of the spectrum lies at a smaller Higgs boson energy. The
center value E∗H ≈ 132.58 GeV is the same for all photon orders. However, the
respective width of the allowed energy range is dependent on the available collision
energy. When summed over all the photon orders, the maximum of the spectrum
lies at the center of the allowed Higgs boson energy range. The total cross section
σ =
∑
n σn reproduces the field-free cross section
1 σff ≈ 3.5× 10−3 fb.
1For the calculation of the field-free cross section, n = 0 has been assumed.
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Figure 6.6: Same as Fig. 6.5 for zero absorption (a) and emission of one photon
(b). For all photon orders, the center of the allowed energy range is E∗H ≈ 132.58
GeV.
6.2.5 Below-Threshold Creation
An interesting feature of collision experiments taking place inside a laser field is that
the absorption of laser photons may add extra energy to the collision energy. In
general, arbitrarily many laser photons can be absorbed at any electromagnetically
interacting particles’ vertex. In our case, since the created bosons do not interact
with the laser field, photons can only be absorbed at the incoming muons’ vertex.
Also, since we are still considering perfectly collinear particle and photon directions,
only one photon may be absorbed from the laser field (see the beginning of Sec.
6.2). If the energy of this single laser photon is large enough to exceed the
energy threshold, the associated creation of a Higgs and a Z0 boson is possible
even if the energy of the colliding (laser-dressed) particles would not suffice, i.e.√
(q+ + q−)2 < MZ +MH . In order to investigate this case, we assume a photon
energy of ω = 10 keV and choose p0± in such a way that the creation threshold
is exceeded by 10 eV (Fig. 6.7a) and 9.9 keV (Fig. 6.7b). For ξ = 1, this is the
case for p0± ≈ 76.433856 GeV and p0± ≈ 76.43386 GeV, respectively. The difference
between the two considered free energies is ≈ 3.5 keV. It leads to a three orders of
magnitude larger energy excess and a 30 times wider energy spectrum in the latter
case. In the case where the reaction threshold is exceeded by a small amount of
energy, the maximum of the spectrum lies at a smaller value of the Higgs boson’s
energy, whereas for the larger excess, it is at the center of the allowed energy
range. In both cases, the ratio of the cross section and the respective field-free
cross section2 is σ1/σff ≈ 30%. This ratio, as seen before, is only dependent on the
laser intensity parameter ξ (cf. Fig. 6.4).
2The field-free cross section is calculated for the c.m. energy
√
(q1)2 =
√
(q+ + q− + 1k)2,
i.e. where the laser-dressed muon momenta and the absorption of one laser photon is taken into
account and equally distributed over two colliding free muons.
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Figure 6.7: Differential cross section as function of Higgs boson’s energy. Axes
are as in Figs. 6.5 and 6.6. The maximum value of dσ1/dEH is ≈ 2.8 fb/GeV in
both cases and the center of the allowed energy range is E∗H ≈ 132.58 GeV.
6.3 Required Laser Parameters and other Exper-
imental Demands
In this section, we perform some considerations regarding a possible experimental
realization of the process considered above and show why we considered µ+µ−
instead of e+e− collisions.
In order to obtain a substantial effect on the c.m. energy in a real experiment,
certain severe restrictions on the laser field as well as the lepton beams have to
be met. First of all, the numerical calculations presented in the previous section
strictly hold for perfect alignment of the muon and antimuon beams and the laser
beam. This assumption is reasonable only if the angular spread in the particle
beams is low, ∆θ  1/γ with the initial Lorentz factor γ. If ∆θ > ξ/γ, the fraction
of substantially accelerated muons is very small. Typical beam divergences of muon
beams are in the order of 1 mrad [AAA+03]. For a muon from the above example
where ξ = 1 and the free muon energy is p0± = 86.45 GeV, this angle with the
laser propagation axis would yield to a quasi-energy of q− ≈ 138 GeV instead of
the 173 GeV obtained for perfect alignment. Please note that the alignment and
trapping of the lepton beams inside strong laser fields is not trivial. There are,
however, schemes that use tailored pulse profiles and auxiliary fields that are aimed
at overcoming this problem [CM99; SZ01; KMK+04; KP05].
Even if the alignment of the beams is perfect, the quasi-momentum q± from Eq.
(6.5) is a meaningful quantity only if the leptons remain inside the laser field for
one whole oscillation cycle, which the counter-propagating antimuons from the
above example surely will. The muons, however, already traveling with relativistic
velocities before entering the laser wave, see a red-shifted laser photon frequency
and thus a longer wavelength, leading to quite a large required pulse duration: the
laser field must be extended over the whole longitudinal distance ∆z the muons
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with Lorentz factor γ = p0/m travel inside the laser field with intensity parameter
ξ and wave length λ [Cha71],
∆z = 2γ2(1 + ξ2)λ . (6.57)
In addition, in order to prevent the leptons from being kicked out of the laser field,
its transversal extension must cover the whole muon trajectory, and thus the beam
waist w0 must be larger than
w0 ≥ ∆x = γξλ . (6.58)
In a Gaussian beam, the beam waist w0 and Rayleigh length zR are connected via
[Mes07]
zR =
piw20
λ
. (6.59)
The confocal parameter 2zR must be larger than ∆z which leads to
w0 ≥ γλ
√
1 + ξ2
pi
. (6.60)
The minimal laser beam waist is thus given by the maximum of Eqs. (6.58) and
(6.60). For ξ &
√
(pi − 1)−1 ≈ 0.68, the extension of the lepton trajectory in
x-direction is larger than the limit in Eq. (6.60) and therefore we set w0 = ∆x.
For smaller ξ, w0 is given by (6.60). The Rayleigh length then follows from Eq.
(6.59) and the pulse duration is τ = 2zR/c.
In Table 6.1, we give exemplary laser parameters corresponding to these findings:
the first two columns give the laser dimensions for the examples considered in
the previous Sec. 6.2. The third and fourth columns show the corresponding
parameters if electrons were used instead of muons. The laser intensity I is related
to the laser intensity parameter via
I = ε0E2 = a
2ω2
4pi
=
m2ω2ξ2
4pie2
=
m2ω2ξ2
4piα
(6.61)
with the electric field E = −∂0A of the laser field. Since it is proportional to
m2, smaller values of I lead to substantial values of ξ for electrons. On the other
hand, the smaller mass leads to a much larger Lorentz factor γ = p0/m and
thus much larger spatiotemporal extensions of the laser beam (Eqs. (6.57) and
(6.58)). Therefore, also pulse power (intensity×area) and energy (power×pulse
duration) of the laser beams required for electron-positron acceleration are much
larger than for muon-antimuon acceleration. While already the laser parameters
given in column 1 of Tab. 6.1 vastly exceed current and near-future pulse energies,
the parameters required for electron-positron acceleration are even further out of
reach. This is one of the main arguments in favor of using muons instead of electrons.
Another advantage of µ+µ− instead of e+e− collisions lies in the mass dependence
of radiation damping such as e.g. Compton scattering of the counterpropagating
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µ+µ− µ+µ− e+e− e+e−
Intensity parameter ξ 1 3 1 3
Laser intensity I (W/cm2) 7.6× 1022 6.8× 1023 1.8× 1018 1.6× 1019
Free lepton energy p0± (GeV) 86.45 38.66 86.45 38.66
Lorentz factor γ 819 366 1.7× 105 7.6× 104
Beam waist w0 (mm) 1 1.3 204 274
Pulse duration (ns) 16.8 29.5 7.3× 105 1.3× 106
Pulse power (W) 2.39× 1021 2.13× 1022 1.09× 1033 6.65× 1034
Pulse energy (J) 4.02× 1013 6.28× 1014 7.91× 1029 8.68× 1031
Table 6.1: Laser parameters required for the process `+`− → HZ0 considered
in Sec. 6.2. The photon energy is ω = 1 eV, corresponding to a laser wave length
λ = 1.2µm. The pulse duration is 2zR/c (6.57) and the radius of the beam is given
by Eqs. (6.58) and (6.60).
antileptons or the emission of radiation by the vastly accelerated copropagating lep-
ton. These processes are essentially governed by the parameter R± := αξ2(kp±)/m2
[DP08]. For ξ = 1 and the corresponding free energy considered above, we find for
muons
Rµ+ ≈ 10−7 (6.62)
Rµ− ≈ 4× 10−14 .
For electrons, on the other hand, we find3
Re+ ≈ 5× 10−3 (6.63)
Re− ≈ 4× 10−14 .
We see that for the counterpropagating positrons, the parameter is larger than for
antimuons by four orders of magnitude, due to the smaller mass. For both lepton
species, we find the parameter for the co-propagating particle to be very small,
which means that radiation damping due to the acceleration is negligible. This
also becomes clear when we consider the Larmor formula for the emitted power P
due to this effect [Jac75],
P = 2e
2
3m2
(
dpz
dt
)2
(6.64)
with the time derivative dpz/dt of the momentum pz along the acceleration direction.
It equals the force acting on the particle in z-direction and can also be expressed
in the change of energy per unit distance, ∂p0/∂z (cf. Sec. 14.2 in [Jac75]). We
divide (6.64) by the energy provided by the external field dp0/dt = ∂p0/∂z · dz/dt
in order to obtain the radiated power per externally supplied power. Under the
assumption that the velocity dz/dt is very close to the speed of light and therefore
1 in our units system, we find
P
dp0/dt
=
2e2
3m2
∂p0
∂z
. (6.65)
3At first sight, it may seem surprising that the values of R− for co-propagating muons and
electrons are the same. But since (kp−) = ω(p0− p3−) and m2 = (p0− p3−)(p0 + p3−), we can write
R− = αξ2ω/2p0 which does not depend on the lepton mass.
6.3 Required Laser Parameters and other Experimental Demands 57
If we now assume that the gain in energy ∆p0 = q0 − p0 is uniform over the whole
interaction distance ∆z (6.57), which is certainly not the case but still may serve
to proof the point, we find that the ratio P/(dp0/dt) is of substantial size only if
the energy difference ∆p0 is of order m over a distance of 2e2/(3m). For muons,
this corresponds to an energy gain in the order of 105.6 MeV over a distance of
10−17 m, i.e. 1019 MeV/m, and for electrons, it corresponds to 3× 1014 MeV/m. In
the ξ = 1 example above, we have an energy gain of ∆p0 ≈ ξ2p0 ≈ 86.45 GeV over
a distance of ∆z ≈ 3 m for muons and ∆z ≈ 140 km for electrons, corresponding
to 3 × 105 MeV/m and 0.6 MeV/m, respectively. In both cases, the values are
significantly smaller than the ones required for a sizable ratio (6.65). Therefore,
for the copropagating particles, the mass difference does not play a huge role.
For the counterpropagating particles, on the other hand, the mass dependence of
the parameter R does impose an important difference between µ+µ− and e+e−
collisions. Let us consider their inelastic Compton scattering with the laser photons
in the leptons’ rest frame where the blue-shifted photon energy is given by ω′ =
ω
√
(1 + β)(1− β)−1 with the lepton velocity β. Let ω′f and θ′f denote the final
energy and emission angle of the scattered photon, respectively. Then, in the
lepton’s rest frame, the differential Compton cross section is given by the Klein-
Nishina formula [PS95]
dσ′C
d cos θ′f
=
piα2
m2
(
ω′f
ω′
)2(ω′f
ω′
+
ω′
ω′f
− sin2 θ′f
)
(6.66)
with the ratio of the final and initial photon energy
ω′f
ω′
=
1
1 + ω
′
m(1−cos θ′f )
. (6.67)
From the integrated cross section in the rest frame, a Compton scattering rate can
be found by multiplying with the photon flux I/ω. The total number of events
can be obtained by multiplying this rate by the pulse duration in the lepton’s
rest frame, τ/γ. For the constellation from the third column in Tab. 6.1, i.e.
where positrons with the initial energy of p0 ≈ 86.45 GeV collide with a laser
field with ξ = 1, we find that the number of Compton scattering events is two
orders of magnitude larger than for the corresponding muons from the first col-
umn. Therefore, from this point of view, muon collisions seem much more promising.
We would like to mention that because the total cross section for the considered
Higgs boson creation is quite small (but still of a typical order for weak interac-
tion processes), there will occur a number of background processes. For instance,
electron-positron pairs can be created in the lepton collision, `+`− → e+e−. While
this process will certainly be one of the most prominent production channels in
the field-free case as well as inside the laser field, in the latter case there occur
additional e+e− production channels: on the one hand, pairs can also be pro-
duced in the collision of the counterpropagating antileptons with the laser photons,
`+ + nω → `′+ + e+e−, which is the so-called (nonlinear) Bethe-Heitler process
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µ+µ− e+e−
Intensity parameter ξ 0.5 0.5
Laser intensity I (W/cm2) 1.9× 1022 1.8× 1018
Free lepton energy p0± (GeV) 109 109
Lorentz factor γ 1035 2× 105
Beam waist w0 (mm) 0.78 162
Pulse duration (ns) 10.7 4.6× 105
Pulse power (W) 3.66× 1020 1.49× 1021
Pulse energy (J) 3.9× 1012 6.7× 1017
Table 6.2: Laser parameters required for the process `+`− → HZ0 for ξ = 0.5.
The photon energy is again ω = 1 eV, corresponding to λ = 1.2µm.
[BH34]. On the other hand, a high-energetic γ-photon produced in the Compton
scattering of one of the counterpropagating antileptons can in turn produce pairs
via the so-called (nonlinear) Breit-Wheeler process [BW34] in the collision with a
certain number of laser photons, γ + nω → e+e−. We will consider an example for
a linearly polarized laser field in the following chapter.
We have seen from Tab. 6.1 that the required laser parameters for µ+µ− acceleration,
while still less unrealistic than the ones for e+e−, vastly exceed presently achievable
pulse powers (∼ 500 TW [NIF]) and energies (∼ 2 × 1022 W/cm2 [YCK+08]).
In Tab. 6.2, we give the corresponding values for a smaller intensity parameter,
ξ = 0.5. Here, the pulse powers and energies required are significantly smaller than
for larger values of ξ. On the other hand, also the effect on the incident leptons’
energies is much smaller. It is desirable to find a constellation where the boost of
the free lepton energy is large and the pulse power and energy is not completely
out of reach. This can be achieved, for instance, by increasing the photon energy.
This would reduce the spatial extension of the lepton trajectory given by Eqs.
(6.57) and (6.58) and thus the cross sectional area as well as pulse duration of the
laser pulse could be reduced. However, for a fixed laser intensity parameter, larger
photon frequencies require larger laser intensities. Another way of reducing the
pulse power and energy would be to use a laser field of linear instead of circular
polarization. There, the classical particle motion caused by the interaction with the
electromagnetic field is restricted to the plane that is spanned by the directions of
polarization and propagation of the laser wave and therefore, the spatial extension
of the field in the perpendicular direction may be smaller (cf. Sec. 4.1). Thus, we
may assume an elliptical shape of the laser field’s cross sectional area instead of a
circular shape as required by circular polarization which may vastly decrease the
corresponding pulse power and energy. In the following chapter, we will therefore
present the calculation and numerical results for the process µ+µ− → HZ0 in a
laser field of linear polarization. For the reasons stated above, we will restrict our
examinations to µ+µ− collisions.
Chapter 7
Higgs Boson Creation in a
Linearly Polarized Laser Field
7.1 Analytical Calculation
As seen in the previous section, an efficient boosting of the collision energy in µ+µ−
collisions via a circularly polarized laser requires very large beam diameters. A
linearly polarized laser pulse may have an elliptically-shaped cross sectional area
which decreases the required energy of the pulse. We therefore consider in this
chapter the process of Fig. 6.1 inside a laser wave of linear polarization. The
four-potential of such a laser field is given by
Al(κ) := al cosκ , (7.1)
with
al = (0, a, 0, 0) , (7.2)
where a is again the amplitude of the laser field. We still consider propagation in
z-direction, k = (ω, 0, 0, ω), and thus the relations (6.3) are now
A2l = a
2
l cos
2 κ = −a2 cos2 κ ,
(kAl) = (kal) = (kk) = 0 . (7.3)
The action needed in the Volkov states is
S± = ±(p±x) + e
(kp±)
∫ κ[
p±Al(κ˜) +
e
2
A2l (κ˜)
]
dκ˜
= ±(p±x) + e
(kp±)
[∫ κ
(alp±) cos κ˜dκ˜+
e
2
∫ κ
a2 cos2 κ˜dκ˜
]
= ±(p±x) + e(alp±)
(kp±)
sinκ− e
2a2
8(kp±)
sin(2κ)− e
2a2κ
4(kp±)
= ±(q±x) + e(alp±)
(kp±)
sinκ− e
2a2
8(kp±)
sin(2κ) . (7.4)
We again used the laser-dressed momenta
qµ± = p
µ
± +
ξ2m2
2(kp±)
kµ , (7.5)
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again with the laser intensity parameter ξ from Eq. (4.16). Since
√
−A2l = a/
√
2
for a linearly polarized field, it reads
ξ =
ea√
2m
. (7.6)
The transition amplitude reads the same as in (6.7) but with the Volkov states for
linear polarization,
S = −ig
2 cos θW
∫∫∫
ψ+γµ(gV − gAγ5)ψ−
· e
iq(x−y)
(2pi)4
−i4pigµν + i4piqµqν
M2Z
q2 −M2Z
· igMZgνρ
cos θW
1
2V
√
EZEH
∗ρ(PZ)e
i(PZ+PH)yd4qd4xd4y . (7.7)
We now consider the leptonic current Jµ, as we did in (6.8):
2V
√
q0+q
0−Jµ =
∫
d4xψ+Γµψ−
=
∫
d4x
(
1 +
e6k 6Al
2(kp+)
)
u+Γµ
(
1− e6k 6Al
2(kp−)
)
u−
× exp
(
−i
(
(q+x) +
e(alp+)
(kp+)
sinκ+
e2a2
8(kp+)
sin(2κ)
))
× exp
(
i
(
−(q−x) + e(alp−)
(kp−)
sinκ+
e2a2
8(kp−)
sin(2κ)
))
=
∫
d4xu+
(
1 +
e 6Al 6k
2(kp+)
)
Γµ
(
1− e6k 6Al
2(kp−)
)
u−
× exp (−i(q+ + q−)x)× exp(−ie((alp+)
(kp+)
− (alp−)
(kp−)
)
sinκ
)
× exp
(
−ie
2a2
8
( 1
(kp+)
+
1
(kp−)
)
sin(2κ)
)
=
∫
d4xu+
(
Γµ +
e
2
( 6al 6kΓµ
(kp+)
− Γ
µ 6k 6al
(kp−)
)
cosκ− e
2 6al 6kΓµ 6k 6al
4(kp+)(kp−)
cos2 κ
)
u−
× exp (−i(q+ + q−)x)× exp (−i(α1 sinκ+ α2 sin(2κ))) , (7.8)
with the abbreviations
α˜1 := e
((alp+)
(kp+)
− (alp−)
(kp−)
)
and
α˜2 :=
e2a2
8
( 1
(kp+)
+
1
(kp−)
)
. (7.9)
Please note that the definition of α˜j is different than the one of the αj in the
circularly polarized laser field (6.9).
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Just like we did in (6.10), we now expand f˜(κ) := exp(−i(α˜1 sinκ+ α˜2 sin(2κ))),
cosκf˜(κ), and cos2 κf˜(κ) in a Fourier series:
f˜(κ) =
∞∑
n=−∞
b˜ne
−inκ ,
cos(κ) f˜(κ) =
∞∑
n=−∞
c˜ne
−inκ ,
cos2(κ) f˜(κ) =
∞∑
n=−∞
d˜ne
−inκ (7.10)
with the coefficients
b˜n = J˜n(α˜1, α˜2) ,
c˜n =
1
2
(
J˜n−1(α˜1, α˜2) + J˜n+1(α˜1, α˜2)
)
d˜n =
1
4
(
J˜n−2(α˜1, α˜2) + 2J˜n(α˜1, α˜2) + J˜n+2(α˜1, α˜2)
)
. (7.11)
Here we use the generalized Bessel functions (cf. Eq. (B2) in [Rei80])
J˜n(α˜1, α˜2) :=
∞∑
`=−∞
Jn−2`(α˜1)J`(α˜2) (7.12)
which are composed of products of regular cylindrical Bessel functions.
The further procedure is similar to the one for circular polarization. The only
difference is in the spinor-matrix product
lMnµ := u+
(
Γµb˜n +
e
2
( 6al 6kΓµ
(kp+)
− Γ
µ 6k 6al
(kp−)
)
c˜n − e
2 6al 6kΓµ 6k 6al
4(kp+)(kp−)
d˜n
)
u−
=: u+
l∆
n
µu− . (7.13)
The leptonic current becomes
Jµ =
1
2V
√
q0+q
0−
∞∑
n=−∞
∫
d4xlMnµe−i
(
q++q−
)
xe−in(κ) , (7.14)
which is similar to Eq. (6.15) and can be evaluated in the same manner. With
lT nµρ : =
lMnµ(−gµρ +
qµnq
ρ
n
M2Z
)∗ρ(PZ)
= u+
(
1
M2Z
l∆
n
µq
µ
nq
ρ
n
∗
ρ(PZ)− l∆nµ∗µ(PZ)
)
u− and
(lT nνσ)
† = u†−γ
0γ0
(
1
M2Z
l∆
n†
ν γ
0γ0qνnq
σ
nσγ
0γ0 − l∆n†ν ν(PZ)γ0γ0
)
u†+
= u−
[
1
M2Z
l∆
n
νq
ν
nq
σ
nσ(PZ)− l∆nν ν(PZ)
]
u+ , (7.15)
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we find
ltn : =
∑
pol
∑
spins
lT
n
µρ(
lT nνσ)
†
=
1
M4Z
(
(qnPZ)
2
M2Z
− q2n + 2M2Z
)
tr
[
l∆
n
µq
µ
n 6p−l∆nνqνn 6p+
]
+
1
M2Z
tr
[
l∆
n
µP
µ
Z 6p−l∆
n
νP
ν
Z 6p+
]
− tr
[
l∆
n
µ 6p−l∆µn 6p+
]
− (qnPZ)
M4Z
tr
[
l∆
n
µq
µ
n 6p−l∆nνP νZ 6p+
]
− (qnPZ)
M4Z
tr
[
l∆
n
µP
µ
Z 6p−l∆
n
νq
ν
n 6p+
]
, (7.16)
which is again included in the numerical calculation of the total cross section
σ =
∑
n
∫ EmaxH
EminH
dEH
2piα2M2Z
ltn
64 cos4 θW sin
4 θW (q2n −M2Z)2
√
(q+q−)2 −m4∗|qn|
∣∣∣∣∣
PZ=qn−PH
cos ΘH=cos Θ
0
H
=
∑
n
σn . (7.17)
The cosine of the Higgs boson’s polar angle Θ0H and the limits E
min
H and E
max
H for
the integration over dEH are obtained in the same way as in the previous chapter
and are given by Eqs. (6.28) and (6.30), respectively. The only difference in the
term for the cross section (7.17) and the one obtained for circular polarization, Eq.
(6.31), is in the trace ltn which contains
l∆
n
µ = Γ
µb˜n +
e
2
( 6al 6kΓµ
(kp+)
− Γ
µ 6k 6al
(kp−)
)
c˜n − e
2 6al 6kΓµ 6k 6al
4(kp+)(kp−)
d˜n and
l∆
n
ν = Γ
ν
b˜n +
e
2
(
Γ
ν 6k 6al
(kp+)
− 6al 6kΓ
ν
(kp−)
)
c˜n − e
2 6al 6kΓν 6k 6al
4(kp+)(kp−)
d˜n . (7.18)
Based on Eq. (7.17), we will show some numerical results in Sec. 7.2. Before, we
briefly check that the field-free cross section (5.36) is reproduced, like we did in
Sec. 6.1.4.
Considering the case of vanishing laser intensity, i.e. the limit of the field-free Higgs
creation, we see that all terms in (7.18) except for
l∆ffµ = 6µ(gV − gAγ5)b˜0 and
l∆
ff
ν = (gV + gAγ5)6νb˜0 (7.19)
vanish. Since for a = 0, both arguments of the generalized Bessel functions are
zero, α˜j = 0. Therefore, they become
J˜0(α˜1, α˜2) =
∑
`
J0−2`(0)J`(0) = J0(0)J0(0) = 1 . (7.20)
With this, (7.19) is the same as in (6.32), and the derivation of the field-free cross
section is as in Sec. 6.1.4.
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Figure 7.1: Partial cross sections σn as function of the photon order n (lower
x-axis) on a logarithmic scale. On the upper x-axis, the corresponding c.m. energy
Ecm(n) is shown. The free muon energy is p
0
± = 70.59 GeV, ξ = 1, photon energy
is ω = 1 eV (a) and ω = 2 eV (b). Note that only every 106-th photon order is
depicted.
7.2 Numerical Results
We now discuss the results of the numerical calculation of the cross section (7.17)
in the case where the muon beams and the laser field are perfectly collinear and
the free momenta of the incoming muon and antimuon are p+ = −p−, i.e. the
same scenario as in 6.2. Again, the four-products (p±aj) are 0 and therefore the
argument α˜1 = 0. Thus, the sum in the generalized Bessel functions (7.12) collapses
and the inner summation index ` is fixed to ` = n/2. Since the regular Bessel
function J`(α˜2) must be of integer order, n must be even and thus only pairs of
laser photons are absorbed or emitted at the muon vertex. The generalized Bessel
functions become
J˜n(0, α˜2) = Jn/2(α˜2) (7.21)
and Eq. (7.17) reduces to
σ =
∑
n even
σn . (7.22)
In contrast to the findings for circular polarization, the number n of absorbed or
emitted laser photons may vary over a large range.
7.2.1 Partial Cross Sections
For large arguments, α˜2  1, the regular Bessel functions Jn/2(α˜2) have maxima
where the order n/2 is of the same order as the argument, i.e. at n ≈ 2α˜2, and
vanish for larger orders (cf. Appx. C). Since p3+ = −p3− and therefore
1
(kp+)
+
1
(kp−)
=
1
ω
(
1
p0 + p3−
+
1
p0 − p3−
)
=
2p0
ωm2
(7.23)
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with p0 = p0+ = p
0
−, the argument α˜2 from Eq. (7.9) can be re-written as
α˜2 =
ξ2p0
2ω
. (7.24)
Fig. 7.1 shows the partial cross sections σn for ξ = 1 and different photon energies.
It shows that σn is indeed maximal for nmax ≈ ξ2p0/ω. With (7.23) and the
laser-dressed muon and antimuon energies from Eqs. (6.47) and (6.48), respectively,
the corresponding c.m. energy can be expressed as
Ecm(nmax) =
√
(q+ + q− + nmaxk)2
=
√
(q0+ + q
0− + nmaxω)2 − (q3+ + q3− + nmaxω)2
≈
√
(2p0(1 + ξ2))2 − (2ξ2p0)2
= 2p0
√
1 + 2ξ2 . (7.25)
The difference to the c.m. energy in the case of circular polarization lies in the
large number nmax of maximally absorbed laser photons. Since, in the circularly
polarized field, only one laser photon may be absorbed (in the considered setup with
p± ‖ k), the enhancement of the c.m. energy merely stems from the laser-dressed
lepton energies. Here, a large amount of energy nmaxω can additionally be absorbed
from the laser field.
The free muon energy may be chosen such that this maximal c.m. energy would
yield the maximum cross section in the field-free case, i.e. Ecm(nmax) ≈ 244.5 GeV.
For ξ = 1, this is the case if p0 = 70.59 GeV. Note that the expression for the
maximal c.m. energy is independent of the photon energy ω.
Fig. 7.1a shows the partial cross section σn as a function of the photon order n
for a photon energy of ω = 1 eV. In this case, nmax = 7.059 × 1010 and σn has
its maximum for this value. There occurs a cut-off towards the left side of the
distribution where the number of photons absorbed from the laser field does not
suffice to exceed the reaction threshold. Note that only every 5× 105-th photon
order is actually calculated because the computation time is very long due to the
large Bessel orders (cf. Appx. C). The total cross section is then obtained from
the sum of the calculated orders by multiplication with 2.5 × 105 (because only
even photon orders contribute). This yields a total cross section of σ ≈ 38 fb. Note
that this cross section is sort of an average over all the contributing photon orders,
each of which yields a different c.m. energy (see the upper x-axis in Fig. 7.1). Fig.
7.1b shows the partial cross section for a photon energy of ω = 2 eV. Since the
photon energy is doubled, the value of nmax is only half of the value for ω = 1 eV,
i.e. nmax = 3.5295× 1010. Also, since the photon energy is twice as large, half as
many photons need to be absorbed in order to exceed the reaction threshold. All
in all, the range of contributing photon orders in Fig. 7.1b is half as wide as in
Fig. 7.1a, while the respective values of σn are twice as large. Therefore, the sum
over all photon orders still yields the same value of the total cross section, σ = 38 fb.
Our numerical calculations show that in the considered parameter range, i.e. for
sufficiently small ω and sizable ξ so that α˜2  1, the cross section (7.17) does not
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Figure 7.2: Total cross section σ as a function of the free lepton energy p0 for
fixed ξ = 1. Note that only 11 data points are calculated for the large photon
energy of ω = 1 MeV.
depend on the photon energy. It does, however, depend on the free muon energy
p0. We have seen in Fig. 7.1 that there occurs a cut-off in the distribution of the
partial cross section where the c.m. energy is too small to overcome the creation
threshold. For larger free lepton energies, more photon orders are able to contribute
to the total cross section. Model calculations with a large photon energy of 1 MeV
indicate that for a fixed laser intensity parameter ξ, the total cross section as a
function of p0 reaches a maximum where the free lepton energies are large enough
so that the emission of nmax photon orders is energetically allowed, i.e. where
Ecm(−nmax) =
√
(q+ + q− − nmaxω)2 ≈ 2p0 &MZ +MH . (7.26)
Fig. 7.2 shows the dependence of the total cross section on the free photon energy
for ξ = 1 for ω = 1 MeV. The inequality in Eq. (7.26) is fulfilled by p0 & 108.1
GeV which is where the distribution in Fig. 7.2 shows a steeper growth with
increasing p0. In the field-free case, this energy would yield a cross section of
σff(2p
0 ≈ 216.2 fb) ≈ 1.7 fb (cf. Fig. 5.2). In Fig. 7.2, the maximum of σ ≈ 73 fb
is reached at p0 ≈ 110 GeV. For this free muon energy, the process µ+µ− → HZ0
would yield a field-free cross section of σff(2p
0 ≈ 220 fb) ≈ 125 fb. In Sec. 6.2,
we saw that the field-free cross section of σff(
√
(q+ + q−)2) is reproduced inside a
circularly polarized laser wave. Here, σff(
√
(q+ + q−)2) ≈ 147 fb for p0 ≈ 110 GeV
which is roughly twice as large as the cross section obtained from the laser-dressed
calculation inside the linearly polarized field. The reason for the difference in the
total cross section lies in the fact that the cross section in the laser field is an
average over a large range of collision energies corresponding to the contributing
photon orders and can therefore not readily be related to a field-free cross section
of a certain c.m. energy. The range of collision energies would cover a range of
corresponding field-free cross sections varying between 1.7 fb and 212 fb.
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Figure 7.3: Partial cross sections σn as function of the photon order n (lower
x-axis) for ξ = 0.1, p0 ≈ 121.6 GeV, and ω = 10 keV. The upper x-axis shows the
corresponding c.m. energy.
As an example for a scenario in which the free muon energy that leads to
Ecm(nmax) ≈ 244.5 GeV (cf. Eq. (7.25)) satisfies Eq. (7.26), we consider ξ = 0.1
and p0 ≈ 121.6 GeV. Here, the field-free energy would almost lead to the maximum
cross section without a laser field. The collision energy is affected by the laser field
mainly via the absorption of laser photons since for such a small laser intensity
parameter, the laser-dressed energies of the leptons differ only marginally from
their free energies. Fig. 7.3 shows the corresponding differential cross section for
ω = 10 keV. Since the emission of nmax photons is energetically allowed, there is
no cutoff as for ξ = 1 above and there occurs a second maximum for n = −nmax.
The summation over all photon orders leads to σ ≈ 210 fb.
As mentioned above, the cross section σ =
∑
n σn, being a sum over a large number
of different photon orders, represents an average over many different collision
energies. Therefore, comparing it with a cross section obtained without a laser field
with a fixed c.m. energy is not straightforward. However, a rate of Higgs creation
events per unit time can be obtained by multiplying the cross section with the flux
of the incoming particles |j| from Eq. (6.24). This rate has the usual meaning
and can be accessed experimentally in the same way as in field-free experiments
[ATL12b; CMS12b]. In our case where the free lepton momenta are opposite and
equal, the particle flux becomes
|j| =
√
(q+q−)2 −m4∗
V q0+q
0−
=
|β+ − β−|
V
≈ 1
V
2
m2ξ4
4p20(1+ξ
2)
+ 1
(7.27)
with the velocities β± = qz±/q
0
±. Note that the penultimate step is valid for every
constellation where q+ ‖ q− [LL91].
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Figure 7.4: Partial differential cross sections dσn/dEH as function of Higgs
boson’s energy EH for the maximum photon order nmax (a) and a very small
photon order (b). The laser intensity parameter is ξ = 1, the free muon energy
is p0 = 70.59 GeV, and the photon energy is ω = 1 eV. Due to the very flat
distribution in (b), the y-axis shows the difference between the ratio dσ∗n from
(6.56) and 1.
7.2.2 Differential Cross Sections
Fig. 7.4 shows exemplary partial spectra dσn/dEH as functions of the produced
Higgs boson’s energy EH for the parameters considered above, i.e. ξ = 1, p
0 = 70.59
GeV, and ω = 1 eV. In Fig. 7.4a, the spectrum for the maximum photon order
nmax = 7.059×1010 is shown, and Fig. 7.2.2 shows the spectrum for n = 2.4344×1010
which is one of the smallest orders for which the reaction threshold is still exceeded.
In both cases, the partial spectra are symmetric. As has already been seen in Sec.
6.2, the larger the amount of energy by which the reaction threshold is exceeded,
i.e. the less symmetrical the distribution of the initial momenta, the wider is the
allowed energy range: for the large photon order, the Higgs boson is produced with
an energy between 126 GeV and 191 GeV, covering a range of about 65 GeV, while
for the small amount of absorbed photons, the width of the allowed energy range
is only about 230 MeV (cf. Eq. (6.54) in Sec. 6.2).
It is obvious from Fig. 7.4 that a wide range of different photon orders contributes
to the total cross section where the energy of the Higgs boson is comparatively small,
while large values of EH can only be achieved via the absorption of a large number
of laser photons. The number of photon orders that contribute for the parameter
set considered above is very large (O(1010)) and the numerical evaluation of Bessel
functions of such large orders is very time-consuming. We saw in the previous
discussion that the total cross section is independent of the photon energy ω, as long
as α˜2  1. Therefore, we performed the calculation of the total energy distribution
in Fig. 7.5 for a higher photon energy, ω = 10 keV, leading to nmax = 7.059× 106
only. For each energy, every 1000-th photon order (i.e. every 500-th contributing
order) has been calculated. As can be seen in the graph, small Higgs boson energies
are favored in the total energy distribution. A mere Lorentz transformation of
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Figure 7.5: Differential cross section dσ/dEH as a function of the Higgs boson’s
energy EH for ξ = 1, p
0 = 70.59 GeV, and ω = 10 keV.
a corresponding field-free calculation would lead to a maximum at the center of
the allowed energy range. Thus, the shift towards smaller Higgs boson energies
is an effect of the laser field. It can be ascribed to the fact that more photon
orders contribute for smaller values of EH . Corresponding calculations indicate
that the polar angle under which the Higgs boson is emitted is also smaller than in
the field-free case with symmetrical initial energies. This is also due to the fact
that for smaller photon orders, only small angles are allowed. This property of
the laser-dressed process might lead to an advantage in the detection of the Higgs
boson. In addition, the laser field will also affect the electrically charged decay
products of the Higgs boson, e.g. by channeling them into small angular regions
[LJK08].
Fig. 7.6 shows the corresponding differential cross section for ξ = 0.1 and p0 ≈ 121.6
GeV where the emission of nmax laser photons is energetically allowed (cf. Fig. 7.3).
Again, the spectrum does not depend on the photon energy ω and therefore, in
order to save computation time, we show the spectrum for a larger photon energy
of ω = 50 keV. Here, all contributing photon orders have been taken into account in
the numerical calculation. The maximum of the contribution is much sharper than
for the example with ξ = 1. In a corresponding field-free scenario, the maximum of
the spectrum would lie at EH ≈ 137.6 GeV. The maximum in Fig. 7.6 lies a few
hundred MeV below this value. Thus, while the small laser intensity parameter
leads to a rather small energy boost, it still affects the produced Higgs boson’s
energy distribution and thus emission angle which is governed by Eq. (6.28).
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Figure 7.6: Differential cross section dσ/dEH as a function of the produced Higgs
boson’s energy EH for ξ = 0.1, p
0 ≈ 121.6 GeV, and ω = 50 keV.
7.3 Required Laser Parameters and other Exper-
imental Demands
As already discussed in Sec. 6.3, the laser beam must cover the whole lepton
trajectory in order for the quasi-momenta q± to be meaningful. This means, again,
that the pulse length must exceed ∆z = 2γ2(1 + ξ2)λ and the transversal extent
must be at least ∆x = γξλ (cf. Eqs. (6.57) and (6.58)). Inside a circularly
polarized field, the lepton motion describes a circle with radius ∆x in the x-y
plane. We have seen in Ch. 4 that inside a laser wave of linear polarization, the
lepton trajectory is restricted to the x-z plane (if there is no initial momentum
in y-direction). Therefore, we can assume that the extension of the laser pulse in
y-direction is much smaller than in the polarization direction of the electric field
of the laser wave. We thus assume an elliptic Gaussian beam according to Sec.
6.12 in [Yar89]. Such a beam features different beam waists wx and wy in x- and
y-direction, respectively. It can be obtained from a cylindrical Gaussian beam by
means of cylindrical focusing lenses. The corresponding Rayleigh lengths zx and zy
derived from the respective beam waists via (6.59) have different values. For our
purposes, we choose the beam waist wx along the polarization direction such that
the lepton trajectory is covered by the laser field. Like we saw in Sec. 6.3, this
corresponds to a beam waist fulfilling both inequalities in Eqs. (6.58) and (6.60).
In the perpendicular direction, we assume wy = λ  wx. The area of the focal
spot is then piwxwy, leading to a much smaller required pulse power than for piw
2
x.
Please note, however, that due to the small Rayleigh length in y-direction, the
beam divergence in the y-z plane is large. The requirement of high intensity over
the whole required extension ∆z for the substantial acceleration of the co-moving
lepton thus requires advanced focusing of the laser beam in y-direction. Possible
techniques that might become able to overcome this issue are e.g. waveguides
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µ+µ− µ+µ− µ+µ− e+e−
Intensity parameter ξ 1 1 0.1 1
Photon frequency ω (eV) 1 10 1 1
Laser intensity I (W/cm2) 7.6× 1022 7.6× 1024 7.6× 1020 1.8× 1018
Optimum p0± (GeV) 70 70 122 70
Lorentz factor γ 670 670 1151 1.4× 105
Beam waist wx (mm) 0.8 0.08 0.8 170
Pulse duration (ns) 11.3 1.1 10.7 5× 105
Pulse power (PW) 2.3× 103 2.3× 103 22.5 11
Pulse energy (GJ) 26 2.6 0.24 5.4× 103
Table 7.1: Laser parameters required for the process `+`− → HZ0 considered in
Sec. 7.2. The photon energy is ω = 1 eV, leading to a laser wave length λ = 1.2µm.
The pulse duration is ∆z/c and the radius of the beam is given by (see text or Sec.
6.3). An elliptically-shaped cross sectional area is assumed.
consisting of hollow capillaries [DMC+99] or plasma waveguides [SH00; BSH02].
With the intensity
I = ε0E2 = a
2ω2 sin2 κ
4pi
=
a2ω2
8pi
=
m2ω2ξ2
4pie2
=
m2ω2ξ2
4piα
(7.28)
and the “optimum” free lepton energy p0 such that Eq. (7.25) yields Ecm(nmax) ≈
244.5 GeV, we can now derive the required laser parameters like we did in Sec. 6.3.
Tab. 7.1 shows that, due to the different shapes of the laser beams, the (minimally)
required pulse energies are indeed much smaller for a laser of linear polarization.
For the sake of comparison, and in order to again underline the advantages of
muon-antimuon instead of electron-positron collisions, we list an exemplary param-
eter set for an e+e− collision (column 4). We see again that for the latter, smaller
values of the laser intensity lead to sizable values of ξ and thus substantial boosting
of the electron energy. But, as already stated before, the larger Lorentz factor
leads to greater spatiotemporal extensions of the beam and thus larger required
pulse energies. For muons, we see that compared to the parameters needed for a
circularly polarized laser wave, the required pulse energy for ξ = 1 is indeed much
smaller (column 1).
The spatiotemporal dimensions of the laser beam we considered depend on the
laser frequency ω. For a fixed intensity parameter ξ, the intensity scales as ∼ ω2
and the area of the focal spot as considered above scales as ∼ ω−2. Therefore, the
pulse power is independent of the photon energy. However, the pulse duration
is proportional to ω−1 and therefore the pulse energy may be reduced if larger
laser frequencies, e.g. in an XUV pulse, are available. On the other hand, high
intensities are harder to obtain for larger photon energies (column 2).
In column 3, we list the corresponding laser parameters for the laser intensity
parameter ξ = 0.1 which we briefly considered in the previous section. We see that
the extension in the polarization direction as well as the pulse duration of the laser
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pulse are still in the same order of magnitude as for a larger intensity parameter.
A reduction of these parameters can only be obtained by either increasing the
photon energy and thus reducing the laser wave length or by assuming smaller
free lepton energies and thus Lorentz factors. The latter would result in a smaller
c.m. energy. Due to the smaller intensity required for ξ = 1, the required pulse
power and energy are smaller than for a larger intensity parameter. The gain in
the collision energy, on the other hand, is small as well.
As already mentioned in Sec. 6.3, the laser photons may inelastically scatter off the
counter-propagating antimuons. From the integration of the Klein-Nishina formula
(6.66), we find for the antimuons of the above example (column 1 in Tab. 7.1) a rest
frame rate of R′C ≈ 7.4× 1012 s−1, resulting in a lab frame rate of RC ≈ 1010 s−1.
Multiplied by the interaction time τ from Tab. 7.1, this results in approximately
125 total events per antimuon. In order to find an estimate for the energy loss
due to this process, we consider the colliding antimuon in its rest frame. There,
the final photon energy ω′f is given by Eq. (6.67). Correspondingly, the antimuon
gains the kinetic energy
∆E ′ = E ′f − E ′i = k − k′ = ω′
(
1− 1
1 + ω′/m(1− cos θ′f )
)
(7.29)
which becomes maximal for θ′f = 180
◦, i.e. backscattering of the photon, yielding
∆E ′max =
2(ω′)2
2ω′ +m
. (7.30)
With the above parameters, we find for the initial photon energy in the antimuon’s
rest frame ω′ ≈ 1.3 keV and thus a maximally possible energy shift of the antimuon
of ∆E ′max ≈ 34 meV. This corresponds to p′z ≈ 2.7 meV for the z-component of
the antimuon’s rest frame momentum. Transforming back into the lab frame via
qzf = γp
′
z + βγE
′
f , we find that the maximum energy loss in the lab frame amounts
to 1.7 MeV per event. Multiplied with the total number of events, this leads to a
maximum energy loss of 213 MeV per antimuon which is small compared to the
total collision energy.
We also mentioned in Sec. 6.3 that, in addition to the usual background processes,
the collision of the counter-propagating antimuons with the laser photons can
directly produce e+e− pairs via the so-called Bethe-Heitler process [BH34]. The
laser intensity parameter ξ is proportional to the inverse particle mass. Therefore,
for the produced electron and positron, we find ξe = ξmµ/me ≈ 207ξ  1 with the
electron mass me and the muon mass mµ. In this limit, the rate of e
+e− production
in the rest frame of the colliding antimuon is (cf. Eq. (42) in [MMH+06])
R′e+e− =
α2√
2pi
me
(
ω′ξe
2
√
3me
)3
exp
(
−2
√
3me
ω′ξe
)
. (7.31)
In our above example with ξ = 1 where the rest frame photon energy is again
ω′ ≈ 1.3 keV, this leads to a rest frame rate of R′e+e− ≈ 6× 1010 s−1. Multiplied
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with the pulse duration in the rest frame, τ/γ, this yields a total number of one
created e+e− pair per antimuon. This is a much larger value than obtained for
the incoherent production µ+µ− → e+e− which is the main e+e− pair production
process in a (field-free) muon collider with a cross section of approximately 10 mb
[Gin96]. The larger e+e− background will have to be considered in the detection of
the experimental outcome of the collision. However, in the Bethe-Heitler process,
most of the energy comes from the laser photons and therefore the effect on the
antimuon is expected to be small. It can therefore still contribute to the process
µ+µ− → HZ0. The laser beam, on the other hand, is very intense so we may
neglect the intensity reduction due to the absorption of laser photons leading to
Bethe-Heitler pair creation.
With the parameters from Tab. 7.1, we can revisit the cross section found in the
previous Sec. 7.2. For ξ = 1, p0 ≈ 70 GeV, i.e. the parameters from the first
column in Tab. 7.1, we found a total cross section of σ ≈ 38 fb. The volume of the
laser pulse is V = piλwx∆z ≈ 10−8 m3, and |q3+/q0+ − q3−/q0−| ≈ 2c. With this, we
find for the Higgs production rate R = σ|j| = σ|q3+/q0+ − q3−/q0−|/V ≈ 2.3× 10−25
s−1 and, multiplied with the pulse duration, we find a total probability P for the
creation of a Higgs and a Z0 of P ≈ 2.57× 10−33 per µ+µ− collision.
For comparison, we estimate the corresponding probability obtained at the LHC.
From [Tan13], we obtain the total cross section for Higgs boson production at the
LHC to be σLHC ≈ 17.3 pb, of which 335 fb stem from the associated production
of a Z0 and a Higgs boson as studied in this work. Assuming a peak luminosity of
1034 cm−2s−1, a population of 1011 protons per bunch and a bunch spacing of 25 ns
[Kei96], this yields a total probability for Higgs boson creation of P ≈ 4.33× 10−31
per proton-proton collision. The probability for the associated production of a
Higgs and a Z0 boson is P ≈ 8.38× 10−33 per proton-proton collision.
In a future linear electron-positron collider, peak luminosities of 2× 1034 cm−2s−1
are envisaged. With bunch populations of ∼ 2 × 1010 electrons or positrons per
bunch and 1000 bunches in a pulse of 1 ms duration [ILC07], the probability for
the creation of a Higgs and a Z0 boson is P ≈ 1.06× 10−32.
We see that the probabilities for the Higgs boson creation with and without the laser
field are of comparable size. Therefore, for comparable luminosities, one should
also expect similar total yields. The laser field, however, reduces the luminosity as
compared to a conventional collider due to several aspects. There are a number
of proposals and design studies for muon colliders, e.g. [CAB+08; Ale12]; some of
the given parameters vary strongly. The best match for our purpose is perhaps
found in Tab. XIV of [AAA+03]. There, for a c.m. energy of 400 GeV, the
number of muons per bunch and the bunch radius are given as 2× 1012 and 26 µm,
respectively. We now consider again the laser parameters from column 1 in 7.1.
The large extension of the laser field in x-direction leads to a luminosity reduction
of 26 µm/wx ≈ 3.3× 10−2. In addition, due to the small extension in y-direction,
only a fraction of the initial muons is sufficiently accelerated. This decreases the
luminosity by another factor of wy/26 µm≈ 3.8× 10−2. All in all, the luminosity
loss due to the laser field is approximately three orders of magnitude. By increasing
the beam waist in the y-direction, the number of efficiently accelerated muons can
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be increased. If we set wy = 26 µm, which would increase the power and energy of
the laser pulse by a factor 22, the luminosity loss would only be the two orders
of magnitude arising from the large beam extension in x-direction. Here, we did
not take into account that the alignment of the muon and laser beams may lead
to a reduction of the laser-dressed momentum; we expect variations in the muons’
energy to be evened out by the broad range of absorbed photon numbers. An
additional reduction of the luminosity may arise from the challenges regarding
synchronizing of the laser and particle beams as well as reaching the muon collider’s
repetition rate of 15 Hz [AAA+03] with the considered high-energy laser; repetition
rates in the Hz regime are envisaged at the ELI [ELIb].
Please note that a reduction of the spatiotemporal dimensions of the laser beam
obtained by increasing the photon frequency reduces the required laser pulse energy
and a corresponding decrease of the extension in x-direction has a positive effect
on the collider luminosity. However, a reduction of the beam waist in y-direction
further reduces the number of reacting muons. If sufficiently large laser pulse
powers are available, it is conceivable to increase the beam waist in y-direction
which would again increase the effective number of particles in the co-propagating
beam and thus increase the collider luminosity.
Let us put the laser beam parameters from the first column in Tab. 7.1 into per-
spective. The most intense laser facility to date, the HERCULES laser in Michigan,
has reached peak intensities of up to 2 × 1022 W/cm2 [YCK+08]. However, the
pulse duration and focal radii, which are in the fs and µm order, respectively, are
still substantially smaller than would be required in our example above. The most
powerful and most energetic laser facility running today is the National Ignition
Facility (NIF) at the Lawrence Livermore National Laboratory in Livermore, USA
[NIF]. There, peak powers of up to 500 TW and energies of up to 2 MJ have
been achieved in ultra-violet laser pulses of ∼ 20 ns duration. More powerful laser
facilities are under development. Efforts towards the 10 PW regime are currently
being made [STF; CGC+09], bound to reach a few 100 PW within the future
Extreme Light Infrastructure (ELI) [ELIa]. All in all, high-power laser technology
already has and further will experience huge progress which offers prospect to
reaching appropriate parameters.

Chapter 8
Conclusion of Part II
We have seen that, while an experimental realization is certainly very challenging
in several aspects, the process `+`− → HZ0 may profit in several respects from
the combination of conventional accelerator techniques with powerful high-energy
laser sources. Most prominently, for sizable values of the laser intensity parameter
ξ from Eq. (4.16), the quasi-energy of the leptons inside the laser field may be
vastly enhanced as compared to the free energy with which they are injected in
the laser field. In addition, the absorption of photons from the laser field may
further enhance the collision energy. Therefore, the particle energies that have to
be provided by the conventional lepton acceleration may be substantially reduced.
Another advantage arises from the distributions of the produced Higgs bosons’
energy and emission angle. Furthermore, while the produced bosons are neutral
and therefore do not interact with the laser field, their decay products may be
electrically charged. These charged particles are affected by the laser field and
thus, for instance, are channeled into a smaller angular region than without the field.
We showed in Ch. 6 that inside a plane laser wave of circular polarization, the
field-free cross section from Ch. 5 is found for comparable collision energies. In
the idealized scheme we used, where the initial leptons are perfectly collinear with
each other and the laser field and the free momenta are equal and opposite, only
three different photon orders contribute to the total cross section which makes
the numerical evaluation comparatively easy. Due to the large spatiotemporal
extensions of the laser beam required in this setting, the beam power and energy
that would be necessary for a substantial acceleration of the leptons are not coming
into reach very soon. Therefore, we considered in Ch. 7 the lepton collision inside a
plane laser wave of linear polarization. The advantage of this setup is that the laser
pulse can be focused to a cross sectional area of elliptical shape. The theoretical
analysis of the process inside a linearly polarized laser field is more involved than
in the case of circular polarization; on the other hand, the required laser pulse
power and energy are clearly more realistic. In fact, as we have discussed in Sec.
7.3, considering the ongoing advances in high-power laser technology, there is a
good chance that appropriate parameters can be reached in experiments in the
near or intermediate future.
Despite the shorter life time (which does not play a huge role for highly relativistic
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muons), muon-antimuon collisions, as compared to electron-positron collisions, have
several advantages regarding experimental realization, all of which are related to the
smaller rest mass and thus larger Lorentz factor of the latter. First of all, radiation
losses due to Compton scattering of the (anti)lepton beam counterpropagating
with the laser beam, play a much larger role for electrons. In addition, while the
necessary laser intensities are easier to obtain, the required laser pulse powers and
energies are not.
Although it is still a long way down the road towards the combination of high-energy
laser facilities and muon colliders, laser-assisted muon-antimuon collisions offer new
opportunities in the physics of elementary particles, in particular with regard to
the creation of Higgs bosons. A possible proof-of-principle experiment feasible with
present-day technology might be the production of µ+µ− pairs in laser-boosted
e+e− collisions. It will be studied in the next part of this work.
Part III
Muon Pair Creation in
Electron-Positron Collisions
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As mentioned above, the collision energy required for the creation of Higgs and
Z0 bosons is very high. Therefore, further improvement of both laser and collider
techniques is necessary to study the laser-assisted production process from the
previous part in an actual experiment. However, the principle of laser acceleration
we employed in our investigation of Higgs boson creation also works in QED
processes, one of which – the creation of muon-antimuon pairs in a laser-boosted
electron-positron collision – we study in this part. The required c.m. energy for
the said process is three orders of magnitude smaller than for the creation of the
heavy bosons. In addition, the expected cross section of such a QED process is
typically much larger than typical weak interaction cross sections, and thus the
numbers of produced pairs will be much larger, allowing to examine the effects of
the laser field on the colliding as well as the produced particles in detail. Just like
in the previous part, we first outline the analytical calculation of the well-known
cross section for e+e− → µ+µ− without a laser field (Ch. 9) and then inside a laser
field of circular (Ch. 10) and linear (Ch. 11) polarization. In Ch. 12, we specify
the required laser parameters and other experimental demands, and we conclude
this part in Ch. 13.

Chapter 9
Muon Pair Creation Without a
Laser Field
The process e+e− → µ+µ− is a well-understood elementary QED process and serves
as an introductory example in many field theory textbooks, e.g. in [PS95]. For
future reference, we will now briefly outline the calculation of its cross section in
the case without a laser field.
Like in Ch. 5, the lepton states in position space are given by the Fourier trans-
formation of normalized free Dirac spinors (cf. Eq. (5.9)). The two important
differences between the transition amplitude for the process `+`− → HZ0 and the
one for the process e+e− → µ+µ− considered here is that the outgoing particles
are leptons and as such carry charge and are also described by free Dirac spinors,
and that the virtual particle propagating between the two vertices is a photon (see
Fig. 9.1). The propagator of such a virtual photon reads
Dµν(x− y) = lim
→+0
∫
d4q
(2pi)4
4pieiq(x−y)gµν
q2 + i
, (9.1)
where q denotes the four-momentum of the virtual photon and  is a small positive
p+
p
−
P+
P
−
q
Figure 9.1: Feynman diagram for the considered process e+e− → µ+µ−.
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number which we will omit in the following. The transition amplitude then reads
S = −4piαi
4(2pi)4V 2
√
p0+p
0−P 0+P 0−
∫∫∫
u+γµu−e−i(p++p−)x
· e
iq(x−y)
q2
U−γµU+ei(P++P−)yd
4xd4yd4q . (9.2)
Uppercase letters denote variables referring to muon and antimuon. The integrations
over d4x and d4y can again be performed yielding δ−functions for the involved
four-momenta,∫
d4xei(q−p+−p−)x
∫
d4ye−i(q−P+−P−) = (2pi)8δ(q − p+ − p−)δ(p+ + p− − P+ − P−) ,
(9.3)
and the integration over d4q fixes the value of the virtual photon’s four-momentum
to q0 = p+ + p−. With this, the transition amplitude becomes
S = −(2pi)
5αi
2V 2
√
p0+p
0−P 0+P 0−(q0)2
u+γµu−U−γµU+δ(q− − P+ − P−) . (9.4)
The cross section is derived from the transition amplitude by averaging its square
over the initial particles’ spins and summing over the spins of the produced muon
pair. The result has to be divided by a unit time as well as the flux of the incoming
particles and finally integrated over the muon momenta,
d6σ =
1
4
∑
spins
|S|2
τ |j|
V d3P+
(2pi)3
V d3P−
(2pi)3
. (9.5)
The spin sum over |u+γµu−U−γµU+|2 yields∑
spins
|u+γµu−U−γµU+|2 = tr[(6p+ +m)6µ( 6p− −m)6ν]tr[(6P− −M)6µ(6P+ +M)6ν]
= 32
[
(p+P+)(p−P−) + (p+P−)(p−P+) +M2(p+p−) +m2(P+P−) + 2m2M2
]
≈ 32 [(p+P+)(p−P−) + (p+P−)(p−P+) +M2(p+p−)]
=: t0 , (9.6)
where we omitted terms of order O(m2) due to the small electron mass.
We now consider the special case where p± = (ε, 0, 0,∓ε), i.e. where the electron and
positron have opposite and equal momenta. Then, the c.m. energy is Ecm = 2ε = q
0
0.
Put in Eq. (9.5), this leads to
d6σ =
α2t0δ(q0 − P+ − P−)
32E6cmP
0
+P
0−
d3P+d
3P− . (9.7)
The integration over the antimuon’s momentum is carried out using the three
momentum-conserving components of the δ−function, yielding P+ = −P−. The
differential of the muon’s momentum is re-written as dP− = |P−|P 0−dP 0−dΩ− and
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Figure 9.2: Cross section for the process e+e− → µ+µ− as function of the collision
energy Ecm.
the integration over the muon’s momentum yields a factor 1/2 from the derivative
of the δ-function’s argument and fixes P 0− = ε. With this, we can revisit the trace
product (9.6). We find
(p±P±) = ε2 − ε|P−| cos Θ− ,
(p±P∓) = ε2 + ε|P−| cos Θ− , and
(p+p−) = 2ε2 , (9.8)
and t0 becomes
t0 = 4E
4
cm
[
1 +
M2
ε2
+
(
1− M
2
ε2
)
cos2 Θ−
]
. (9.9)
The differential cross section is then
dσ
dΩ−
=
α2
4E2cm
√
1− M
2
ε2
[
1 +
M2
ε2
+
(
1− M
2
ε2
)
cos Θ−
]
, (9.10)
which, integrated over the muon’s solid angle, leads to the total cross section
σ =
4piα2
3E2cm
√
1− M
2
ε2
(
1 +
M2
2ε2
)
, (9.11)
in accordance with [PS95].
Fig. 9.2 shows the dependence of the total cross section (9.11) on the c.m. energy.
There is a maximum of σmax ≈ 1 µb for Ecm ≈ 250 MeV. For this collision energy,
the differential cross section as a function of the produced muon’s polar angle is
shown in Fig. 9.3. The muon and antimuon are preferably emitted along the axis
of the colliding particles’ momenta.
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Chapter 10
Muon Pair Creation in a
Circularly Polarized Laser Field
10.1 Analytical Calculation
We now consider the creation of muon-antimuon pairs from Ch. 9 inside a laser
wave of circular polarization. Fig. 10.1 shows the corresponding collision setup as
well as the Feynman diagram for this process. The corresponding laser potential
(6.1) is as in Ch. 6, leading to the same relations between the polarization and
wave vectors of the laser as in (6.3). The Volkov states for the electron and positron
are as in (6.4). Similar states describe the produced muon and antimuon; we will
again denote their states and other properties by capital letters. The Volkov states
for the muon and antimuon then read
Ψ±(y) =
√
1
2V Q0−
(
1± e6k( 6a1 cos η + 6a2 sin η)
2(kP±)
)
U±
× ei
“
±(Q−y)+ e(kP±) ((P±a1) sin η−(P±a2) cos η)
”
, (10.1)
with η = (ky). The effective four-momenta Q± of the muon and antimuon are
given by
Qµ± = P
µ
± + Ξ
2 M
2
2(kP±)
kµ (10.2)
with the muonic laser intensity parameter
Ξ =
ea
M
=
m
M
ξ . (10.3)
With this, we find the transition amplitude
S = −iα
∫∫
d4xd4yψ+(x)γµψ−(x)Dµν(x− y)Ψ−(y)γνΨ+(y) (10.4)
with the photon propagator Dµν as given in (9.1).
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Figure 10.1: Schematic view of the considered process e+e− → µ+µ− inside a
laser field (a) and its Feynman diagram (b). The wiggled lines indicate that the
leptons are described by laser-dressed states.
The electron-positron and muon-antimuon currents, jµ and Jν , respectively, can be
Fourier expanded as in Sec. 6.1.1. Again using the abbreviation κ = (kx), we find
for the electronic current
2V
√
q0+q
0−jµ =
∫
d4xψ+γµψ−
=
∫
d4xu+
(
1 +
e 6A6k
2(kp+)
)
γµ
(
1− e 6k 6A
2(kp−)
)
u−
× e−i(q++q−)x × e−i(α1 sinκ−α2 cosκ)
=
∫
d4xu+
[(
6µ− e
2a2kµ
2(kp+)(kp−)
6k
)
+
e
2
(( 6a1 6k 6µ
(kp+)
− 6µ 6k 6a1
(kp−)
)
cosκ+
( 6a2 6k 6µ
(kp+)
− 6µ 6k 6a2
(kp−)
)
sinκ
)]
u−
× e−i(q++q−)x × e−i(α1 sinκ−α2 cosκ) (10.5)
with the αj as defined in (6.9). The functions f(κ) = exp(−i(α1 sinκ− α2 cosκ)),
sinκf(κ) and cosκf(κ) are again expanded in a Fourier series in the same manner
as in (6.10) with the coefficients (6.11) and the argument (6.12) of the regular
cylindrical Bessel functions of order n. The spinor-matrix product from Eq. (10.5)
then becomes
eMnµ = u+
((6µ− e2a2kµ
2(kp+)(kp−)
6k) · bn
+
e
2
([ 6a1 6k 6µ
(kp+)
− 6µ 6k 6a1
(kp−)
] · cn + [ 6a2 6k 6µ
(kp+)
− 6µ 6k 6a2
(kp−)
] · dn))u−
=: u+∆
n
µu− (10.6)
and the electronic current reads
jµ =
1
2V
√
q0+q
0−
∞∑
n=−∞
∫
d4x eMnµ · e−i(q++q−)x · e−in(κ) , (10.7)
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which is similar to the expression (6.15) found in Sec. 6.1.1.
For the muonic current, the expansion is very similar. We find
2V
√
Q0+Q
0−J
ν =
∫
d4yΨ−γνΨ+
=
∫
d4yU−
[(
6ν − e
2a2kν
2(kP+)(kP−)
6k
)
+
e
2
(( 6ν 6k 6a1
(kP+)
− 6a1 6k 6ν
(kP−)
)
cos η +
( 6ν 6k 6a2
(kP+)
− 6a2 6k 6ν
(kP−)
)
sin η
)]
U+
× ei(Q++Q−)y × e−i(β1 sin η−β2 cos η) (10.8)
with
βj =
(ajP−)
(kP−)
− (ajP+)
(kP+)
. (10.9)
Note that the sign is different from the corresponding definition (6.9). We now
expand F (η) := exp(−i(β1 sin η − β2 cos η)), sin ηF (η), and cos ηF (η) like before
and find
F (η) =
∞∑
N=−∞
BNe
−iNη ,
cos(η)F (η) =
∞∑
N=−∞
CNe
−iNη ,
sin(η)F (η) =
∞∑
N=−∞
DNe
−iNη (10.10)
with the coefficients
BN = JN(β)e
iNη0 ,
CN =
1
2
(
JN+1(β) e
i(N+1)η0 + JN−1(β) ei(N−1)η0
)
,
DN =
1
2i
(
JN+1(β) e
i(N+1)η0 − JN−1(β) ei(N−1)η0
)
. (10.11)
The argument of the Bessel functions is
β =
√
β21 + β
2
2 (10.12)
and the angle η0 is given by
cos η0 =
β1
β
, sin η0 =
β2
β
. (10.13)
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With this, we write for the muonic spinor-matrix product
µMνN = U−
(( 6ν − e2a2kν
2(kP+)(kP−)
6k) ·BN
+
e
2
([ 6ν 6k 6a1
(kP+)
− 6a1 6k 6ν
(kP−)
] · CN + [ 6ν 6k 6a2
(kP+)
− 6a2 6k 6ν
(kP−)
] ·DN))U+
=: U−ΓνNU+ (10.14)
and the muonic current becomes
Jν =
1
2V
√
Q0+Q
0−
∞∑
N=−∞
∫
d4y µMνN · ei(Q++Q−)y · e−iN(η) . (10.15)
In contrast to the bosons that are created in the process considered in Part II of
this work, the produced muons are electrically charged and thus interact with the
laser field. Therefore, the absorption or emission of laser photons is possible not
only at the electronic vertex, but also at the muonic one. The numbers of absorbed
or emitted photons at the electron and muon vertex are n and N , respectively.
Inserted in Eq. (10.4), the expressions found for the electronic and muonic current
lead to
S = −iα4pi
4(2pi)4V 2
√
q0+q
0−Q0+Q0−
∑
n,N
∫∫∫
d4xd4yd4q
µMνNeMnν
q2
· e−i(q−Q+−Q−+Nk)yei(q−q+−q−−nk)x
=
−iα(2pi)5
2V 2
√
q0+q
0−Q0+Q0−
∑
r,n
µMνr−neMnν
δ(q+ + q− + rk −Q+ −Q−)
(q+ + q− + nk)2
, (10.16)
where we introduced the total number of absorbed or emitted photons, r = n+N .
The momentum of the virtual photon is (q+ + q− + nk), i.e. it is composed of the
initial particles’ momenta and the momenta of the photons that are absorbed at
their vertex. Because of the conservation of energy and momentum, it must equal
the four-momentum at the muon vertex, (Q+ +Q− −Nk). This means that the
sum of the produced muon and antimuon’s four-momenta Q+ +Q− equals the sum
of the absorbed laser photons’ four-momenta Nk and the four-momentum of the
virtual photon q+ + q− + nk. In the following, we will use the abbreviation
qr = q+ + q− + rk , (10.17)
which is now not the virtual photon’s momentum but the total four-momentum
involved in the process. It determines the c.m. energy,
√
s =
√
(qr)2.
The differential cross section is obtained from the transition amplitude in the same
way as before, only now there is a double sum over the number of photons absorbed
in total and at the electron vertex. Due to the δ−function, there occurs no double
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summation over the total photon number r and |S|2 = ∑r|Sr|2. The square of the
partial transition amplitudes Sr reads
|Sr|2 = α
2(2pi)6τδ(qr −Q+ −Q−)
4V 3q0+q
0−Q0+Q0−
∣∣∣∣∣∑
n
µMνr−neMnν
(q+ + q− + nk)2
∣∣∣∣∣
2
=
α2(2pi)6τδ(qr −Q+ −Q−)
4V 3q0+q
0−Q0+Q0−
∑
n,n′
(eMn′µ )†(µMµr−n′)†µMνr−neMnν
(q+ + q− + nk)2(q+ + q− + n′k)2
. (10.18)
Summation over the initial and outgoing particles’ spins yields
T rnn′ : =
∑
spins
(eMn′µ )†(µMµr−n′)†µMνr−neMnν
= u−∆
n′
µ u+U+Γ
µ
r−n′U−U−Γ
ν
r−nU+u+∆
n
νu−
= tr
(
(6P+ +M)Γµr−n′(6P− −M)Γνr−n
)
tr
(
(6p− −m)∆n
′
µ (6p+ +m)∆nν
)
(10.19)
with the matrices ∆nµ and Γ
µ
r−n from Eqs. (10.6) and (10.14), respectively.
With this, we find for the differential of the partial cross section σr:
d6σr =
1
4
∑
spins
|Sr|2
τ |j|
V d3Q+
(2pi)3
V d3Q−
(2pi)3
=
α2T rnn′δ(qr −Q+ −Q−)
16Q0+Q
0−
√
(q+q−)2 −m4∗(q+ + q− + nk)2(q+ + q− + n′k)2
d3Q+d
3Q− .
(10.20)
Integration over the antimuon’s momentum yields
d3σr =
α2T rnn′δ(q
0
r −Q0+ −Q0−)
16Q0+Q
0−
√
(q+q−)2 −m4∗(q+ + q− + nk)2(q+ + q− + n′k)2
d3Q−
∣∣∣∣∣
Q+=qr−Q−
.
(10.21)
With the differential d3Q− = |Q−|Q0−dQ0−dΩ−, we can again use the integration
over d cos Θ− to eliminate the remaining energy-conserving δ−function like we did
in Chs. 6 and 7. The root of the function g(cos Θ−) = q0r −Q0+(cos Θ−)−Q0− is at
cos Θ0− =
2q0rQ
0
− − (qr)2
2|qr||Q−| (10.22)
and the derivative is
g′(cos Θ−) =
|qr||Q−|
Q0+
. (10.23)
From |cos Θ0− ≤ 1| follow the limits for the integration over the muon’s energy Q0−:
Emin− :=
q0r
2
− |qr|
2
√
1− 4M
2∗
(qr)2
and
Emax− :=
q0r
2
+
|qr|
2
√
1− 4M
2∗
(qr)2
. (10.24)
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The integration over dΦ− gives a factor 2pi, and thus we find for the partial cross
section
σr =
∫ Emax−
Emin−
∑
nn′
piα2T rnn′
8
√
(q+q−)2 −m4∗(q+ + q− + nk)2(q+ + q− + nk)2|qr|
dQ0−
(10.25)
and the total cross section is
σ =
∑
r
σr . (10.26)
10.1.1 Reproduction of the Field-Free Cross Section
In order to derive the field-free cross section from the previous chapter, we consider
the trace product from Eq. (10.19). Since a = 0, the arguments of all the Bessel
functions vanish, and no photons can be absorbed or emitted, r = n = n′ = 0. The
only remaining terms in the matrices ∆nµ and Γ
µ
r−n are
∆µff = 6µb0 (10.27)
and
Γµff = 6µB0 . (10.28)
Therefore, the trace product becomes
Tff = tr
(
(6P+ +M)6µ(6P− −M)6ν
)
tr
(
( 6p− −m)6µ(6p+ +m) 6ν
)
|b0|2|B0|2 (10.29)
with |b0|2 = |B0|2 = 1. This equals t0 from Eq. (9.6). We now again assume to be
in the reference frame with p± = (ε, 0, 0,∓ε). With Q± = P± and q± = p± and
after the integration over d3P+, we obtain
d3σff =
α2Tffδ(2ε− P 0+ − P 0−)
16P 0+P
0−2ε2(p+ + p−)4
d3P−
∣∣∣∣
P+=−P−
=
α2Tffδ(2ε− 2P 0−)
8P 0−E6cm
dP 0−dΩ− (10.30)
and
dσff
dΩ−
=
α2
4E2cm
√
1− M
2
ε2
[
1 +
M2
ε2
+
(
1− M
2
ε2
)
cos Θ−
]
(10.31)
which is the same as (9.10) and leads to the same total cross section (9.11).
10.2 Numerical Results
We again consider the setup with opposite and equal initial momenta, p± =
(ε, 0, 0,∓ε). Like we saw in Sec. 6.2, the laser-dressed energy of the electron that
co-propagates with the laser field is then q0− ≈ (1 + ξ2)ε, while the energy of the
counterpropagating positron is nearly unaffected, q0+ ≈ ε. The collision energy
is composed of the initial particles’ laser-dressed momenta as well as the total
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Figure 10.2: Partial cross section σr as a function of the total number r of
absorbed laser photons (lower x-axis). On the upper x-axis, the corresponding
collision energy is shown. The laser intensity parameter is ξ = 1 and the free
lepton energy is ε = 88 MeV. The thin red line shows the distribution for ω = 10
keV, the thick green one for ω = 5 keV. The total cross section in both cases is
σ =
∑
r σr ≈ 1 µb.
number of laser photons absorbed at both vertices, Ecm =
√
(q+ + q− + rk)2. The
argument of the electronic Bessel functions is α = 0, and therefore, n and n′ must
be in {−1, 0, 1}, i.e. the maximum number of absorbed or emitted photons at the
electron vertex is 1 (cf. Sec. 10.2). For the number of absorbed photons at the
muon vertex, this means N,N ′ ∈ {r − 1, r, r + 1}.
10.2.1 Partial Cross Sections
We saw in the previous chapter that the field-free cross section has a maximum for
Ecm ≈ 250 MeV. For a laser intensity parameter of ξ = 1, this energy is obtained
for ε ≈ 88 MeV without the absorption or emission of laser photons. We find
that, independently of the photon energy ω, the value of the field-free cross section
is obtained when summed over all contributing photon orders. Fig. 10.2 shows
the dependence of the partial cross section σr on the total number r of absorbed
or emitted laser photons for this parameter set with a photon energy of ω = 10
keV (thin red line) and ω = 5 keV (thick green line). Since, unlike in the Higgs
creation process considered in Ch. 6, photons can be absorbed at both vertices of
the Feynman diagram in Fig. 10.1b, the numerical evaluation of the cross section
(10.26) is very involved; therefore, the computation for smaller photon energy which
leads to large numbers of contributing photon orders is very time-consuming. On
the other hand, the numerical calculations for different ω show that there is no
dependence of the total cross section on the photon energy; its only effect is on
the number of contributing photon orders. Therefore, we may assume that the
calculation for, e.g., ω = 1 eV would yield the same outcome as for ω = 10 keV
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Figure 10.3: Partial differential cross sections dσr/dQ0− for r = 71 (a) and r = 0
(b). The laser intensity parameter is ξ = 1, the free electron energy is ε = 88 MeV,
and the photon energy is ω = 10 keV.
but with the contribution of ∼ 106 photon orders.
10.2.2 Differential Cross Sections
We now consider the energy distribution of the produced muon. We have seen in
Sec. 6.2.3 that the asymmetry of the colliding leptons’ momenta leads to a certain
width of the spectrum; the energy-conserving δ-function in Eq. (10.21) does not
fix the muon’s energy but rather its polar angle. In the (primed) c.m. system, the
muon and antimuon’s momenta are opposite and equal, Q′+ = −Q′−. In particular,
the z-components are
Q
′3
− = γcm(Q
3
− − βcmQ0−) = −Q
′3
+ = −γcm(Q3+ − βcmQ0+) , (10.32)
from which follows the velocity of the c.m. system with respect to the lab frame
βcm =
Q3+ +Q
3
−
Q0+ +Q
0−
. (10.33)
In the c.m. system, both the muon and antimuon have the energy Q
′0
+ = Q
′0
− = ε
′,
where ε′ is the initial (laser-dressed) energy of the colliding electron and positron.
It is given by
ε′ =
√
s
2
=
√
(q+ + q− + rk)2
2
. (10.34)
The largest possible muon momentum in z-direction is Q
′3
−,max =
√
ε′2 −M2∗ . The
width ∆Q0− of the energy distribution in the lab system is then obtained from the
Lorentz transformation back into this system. Similarly to Eq. (6.54), it reads
∆Q0− = 2βcmQ
′3
−,max . (10.35)
Fig. 10.3 shows exemplary partial cross sections dσr/dQ
0
− as function of the pro-
duced muon’s energy for ξ = 1, ε = 88 MeV, and ω = 10 keV. There occur two
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Figure 10.4: Total differential cross section dσ/dQ0− for ξ = 1, ε = 88 MeV, and
ω = 10 keV.
maxima; the larger the amount of absorbed or emitted photons, the closer to
each other are these maxima. Without the (total) absorption or emission of laser
photons, the maxima are at the edges of the distribution. Note that for each order
r, the summation over n, n′ has been performed. Since n, n′ ∈ {−1, 0, 1}, the effect
of the absorption or emission at the electronic vertex on the width of the energy
distribution is negligible. The summation over all photon orders r yields the total
differential cross section dσ/dQ0− shown in Fig. 10.4. The total energy spectrum
has maxima at the minimum and maximum muon energy.
We now consider the corresponding energy distributions for the produced antimuon.
Its momentum is fixed by the δ-function in the transition amplitude and reads
Q+ = qr −Q−. For its energy Q0+ =
√|Q+|2 +M2∗ we therefore find
Q0+ =
√
|qr −Q−|2 +M2∗
=
√
(Q0−)2 + |qr|2 − 2|qr||Q−| cos Θ−
= q0r −Q0− (10.36)
with muon’s polar angle as fixed by (10.22). The lower and upper limits of the
allowed energy range for the antimuon, Emin+ and E
max
+ , respectively, are therefore
determined from the limits (10.24) via
Emin+ = q
0
r − Emax− = Emin− and
Emax+ = q
0
r − Emin− = Emax− . (10.37)
Since the partial spectra for the muon are symmetric with respect to q0r/2, so are the
antimuon’s partial spectra and their respective shapes are identical. If, for instance,
the muon is produced with an energy corresponding to the left-hand side maximum
of Fig. 10.3a, the antimuon has the energy of the right-hand maximum and vice
94 Muon Pair Creation in a Circularly Polarized Laser Field
versa. Since the total spectrum in Fig. 10.4 is the sum over all contributing partial
cross sections and those are identical for the muon and antimuon, the antimuon’s
total cross section is also the same as the one for the muon. Here, again, a muon
energy that is smaller by a certain amount than the center of the energy range
corresponds to an antimuon energy larger than the center value by the same amount.
The fact that the total differential cross section has its maxima at the edges of the
allowed energy range means that a kinematic scenario is preferred where either the
muon or antimuon is produced with the maximum possible energy, while the other
particle is equipped with the minimally possible one.
Chapter 11
Muon Pair Creation in a Linearly
Polarized Laser Field
11.1 Analytical Calculation
We have seen in the previous chapter that, like we found for the associated
production of Higgs and Z0 bosons studied in Pt. II, the total cross section of
the reaction inside a laser field of circular polarization is the same as without a
laser field. The situation is different inside a linearly polarized laser field, see Ch.
7. There, the summation over all photon orders does not necessarily lead to the
field-free Higgs creation cross section. Because the laser parameters required in
the case of linear polarization are more likely to come into reach than for circular
polarization, and the examination of the process e+e− → µ+µ− in this part of the
work is meant to serve as a proof-of-principle investigation, we now study the latter
process inside a laser field of linear polarization. The laser potential (7.1) and its
intensity parameter (7.6), as well as the corresponding electronic Volkov states, are
as in Ch. 7. Similarly, the muonic Volkov states read
Ψ± =
√
1
2V Q±
(
1± e 6k 6al cos η
2(kP±)
)
U±
× exp
(
i
(
±(Q±y) + e(alP±)
(kP±)
sin η − e
2a2
8(kP±)
sin(2η)
))
(11.1)
with the laser-dressed momenta as defined in (10.2) but with the laser intensity
parameter for the linearly polarized laser field
Ξl =
ea√
2M
=
m
M
ξl . (11.2)
In the following, we will again omit the index l in the laser intensity parameter.
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The electronic current jµ is given by
2V
√
q0+q
0−jµ =
∫
d4xψ+γµψ−
=
∫
d4x
(
1 +
e 6k 6Al
2(kp+)
)
u+Γµ
(
1− e6k 6Al
2(kp−)
)
u−
× exp
(
−i
(
(q+x) +
e(alp+)
(kp+)
sinκ+
e2a2
8(kp+)
sin(2κ)
))
× exp
(
i
(
−(q−x) + e(alp−)
(kp−)
sinκ+
e2a2
8(kp−)
sin(2κ)
))
=
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d4xu+
(
6µ+ e
2
( 6al 6k 6µ
(kp+)
− 6µ 6k 6al
(kp−)
)
cosκ− e
2 6al 6k 6µ 6k 6al
4(kp+)(kp−)
cos2 κ
)
u−
× exp (−i(q+ + q−)x)× exp (−i(α˜1 sinκ+ α˜2 sin(2κ))) , (11.3)
just like in Ch. 7, and is expanded in a Fourier series in the same way (cf. Eqs.
(7.9)-(7.12)). The spinor-matrix product occurring in (11.3) is written as
eMnµ := u+
(
6µb˜n + e
2
( 6al 6k 6µ
(kp+)
− 6µ 6k 6al
(kp−)
)
c˜n − e
2 6al 6k 6µ 6k 6al
4(kp+)(kp−)
d˜n
)
u−
=: u+
l∆
n
µu− (11.4)
with the coefficients b˜n, c˜n and d˜n from (7.11), and the electronic current becomes
jµ =
1
2V
√
q0+q
0−
∞∑
n=−∞
∫
d4xlMnµe−i
(
q++q−+nk
)
x . (11.5)
The muonic current Jν is given by
2V
√
Q0+Q
0−J
ν =
∫
d4yΨ−γνΨ+
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=
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2
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2 6al 6k 6ν 6k 6al
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)
U+
× exp (i(Q+ +Q−)y)× exp(−i(β˜1 sin η + β˜2 sin(2η))) ,
(11.6)
with
β˜1 = e
(
(alP−)
(kP−)
− (alP+)
(kP+)
)
β˜2 = −e
2a2
8
(
1
(kP+)
+
1
(kP−)
)
. (11.7)
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Please note again the difference between the definition here and the one in the
previous chapter, as well as the minus sign as compared to the corresponding defi-
nition for the electrons (7.9). The functions F˜ (η) := exp(−i(β˜1 sin η + β˜2 sin(2η))),
cos ηF˜ (η), and cos2 ηF˜ (η) are again expanded in a Fourier series, yielding
F˜ (η) =
∞∑
N=−∞
B˜Ne
−iNη ,
cos ηF˜ (η) =
∞∑
N=−∞
C˜Ne
−iNη ,
cos2 ηF˜ (η) =
∞∑
N=−∞
D˜Ne
−iNη (11.8)
with the coefficients
B˜N = J˜N(β˜1, β˜2) ,
C˜N =
1
2
(
J˜N−1(β˜1, β˜2) + J˜N+1(β˜1, β˜2)
)
,
D˜N =
1
4
(
J˜N−2(β˜1, β˜2) + 2J˜N(β˜1, β˜2) + J˜N+2(β˜1, β˜2)
)
. (11.9)
The generalized Bessel functions are the same as in Eq. (7.12), i.e. J˜N(β˜1, β˜2) =∑
` JN−2`(β˜1)J`(β˜2). With this, we again write the spinor-matrix product
µMνN := U−
(
6νB˜N + e
2
( 6ν 6k 6al
(kP+)
− 6al 6k 6ν
(kP−)
)
C˜N − e
2 6al 6k 6ν 6k 6al
4(kP+)(kP−)
D˜N
)
U+
=: U−lΓνNU+ (11.10)
and the muonic current reads
Jν =
1
2V
√
Q0+Q
0−
∞∑
N=−∞
∫
d4y µMνNei(Q++Q−−Nk)y . (11.11)
We can now write down the transition amplitude like in the previous chapter:
S = −iα
∫∫
d4xd4yψ+(x)γµψ−(x)Dµν(x− y)Ψ−(y)γνΨ+(y)
=
−iα(2pi)5
2V 2
√
q0+q
0−Q0+Q0−
∑
r,n
µMνr−neMnν
δ(q+ + q− + rk −Q+ −Q−)
(q+ + q− + nk)2
, (11.12)
again with the total number r = n+N of absorbed laser photons. This expression
is similar to the one obtained for circular polarization, Eq. (10.16), with the only
difference being in the spinor-matrix products µMνN and eMnµ. In particular, there
is no double sum over r necessary due to the δ-function, and the square of the
transition amplitude can be written as a sum over squared partial amplitudes,
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|S|2 = ∑r|Sr|. With the spin sum over the square of the spinor-matrix products
lT rnn′ =
∑
spins
(eMn′µ )†(µMµr−n′)†µMνr−neMnν
= u−l∆
n′
µ u+U+
lΓ
µ
r−n′U−U−
lΓ
ν
r−nU+u+
l∆
n
νu−
= tr
(
(6P+ +M)lΓµr−n′( 6P− −M)lΓνr−n
)
tr
(
(6p− −m)l∆n
′
µ ( 6p+ +m)l∆nν
)
,
(11.13)
containing the matrices l∆nµ and
lΓµN from Eqs. (11.4) and (11.10), respectively, we
find for the differential d6σr of the partial cross section
d6σr =
α2lT
r
nn′δ(qr −Q+ −Q−)
16Q0+Q
0−
√
(q+q−)2 −m4∗(q+ + q− + nk)2(q+ + q− + n′k)2
d3Q+d
3Q− .
(11.14)
The integration over the produced muon and antimuon momenta is performed in
the same way as in Ch. 10. The integration over the muon’s polar angle is again
performed by making use of the remaining energy-conserving δ-function, leading
to the same expression for cos Θ− as in (10.22) and thus to the same integration
limits for the integral over the muon’s energy (10.24). The integration over the
azimuth angle of the produced muon must be performed numerically since, unlike
for the symmetrical circular polarization, the polarization direction of the laser
field is favored. Therefore, the final expression for the partial cross section is
σr =
∫ 2pi
0
∫ Emax−
Emin−
∑
nn′
piα2T rnn′
8
√
(q+q−)2 −m4∗(q+ + q− + nk)2(q+ + q− + nk)2|qr|
dQ0−dΦ−
(11.15)
and the total cross section is again given by the sum over all photon orders,
σ =
∑
r
σr . (11.16)
As can be seen from Eqs. (11.4) and (11.10), the field-free cross section is reproduced
in the same way as in 10.1.1 for vanishing laser intensity.
11.2 Numerical Results
Like before, we performed the numerical evaluation of the cross section (11.16)
in the reference frame with p± = (ε, 0, 0,∓ε). Like in the previous chapter, the
collision energy is given by Ecm =
√
q2r . Since – like in the Higgs production process
inside a linearly polarized laser field considered in 7.2 – the first argument of the
electronic Bessel functions is α˜1 = 0 for the considered setup, only even numbers n
of laser photons can be absorbed or emitted at the electron vertex. However, there
is no further general restriction to n like there was in the case of circular polarization.
Due to the large muon mass, the impact of the laser field on the muons is much
smaller than on the electrons which emanates in the much smaller laser intensity
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parameter Ξ = ξm/M . Therefore, we expect that the number of absorbed or
emitted laser photons at the electron vertex n is much larger than N . In fact, the
numerical evaluation of the cross section shows that photon absorption or emission
at the muon vertex is negligible for ξ = 1. With N = N ′ = 0 follows n = n′ = r
and there is no double summation. We can thus write for the partial cross section
(11.15)
σr ≈
∫ 2pi
0
∫ Emax−
Emin−
piα2T rrr
8
√
(q+q−)2 −m4∗(q+ + q− + rk)2(q+ + q− + rk)2|qr|
dQ0−dΦ− .
(11.17)
The muonic part of the trace product lT rrr reduces to the term containing B˜0 since
the other summands are of order Ξ or Ξ2. We now consider the electronic Bessel
functions. As already mentioned, for p± = (ε, 0, 0,∓ε), the first Bessel argument
vanishes, α˜1 = 0. The second Bessel argument α˜2 can be written as
α˜2 =
e2a2
8
(
1
(kp+)
+
1
(kp−)
)
=
ξ2ε
2ω
. (11.18)
As we have seen in Sec. 7.2 and according to Appx. C, the Bessel function
J˜r(0, α˜2) = Jr/2(α˜2) (11.19)
has a maximum for r/2 = α˜2 (for sufficiently large arguments α˜2). We may therefore,
like we did in 7.2, consider a constellation where the absorption of rmax = ξ
2ε/ω
laser photons leads to the c.m. energy for which the field-free cross section has its
maximum,
Ecm(rmax) =
√
(q+ + q− + rmaxω)2 = 2ε
√
1 + 2ξ2 ≈ 250 MeV . (11.20)
Note that, unlike in the Higgs boson case, there is an additional factor J˜0(β˜1, β˜2)
in the trace product, due to the factor B˜0. Therefore, σrmax is not necessarily the
maximum partial cross section.
11.2.1 Partial Cross Sections
We find that for ξ = 1, Eq. (11.20) requires a free electron energy of ε = 72.3 MeV.
Fig. 11.1 shows the partial cross section as a function of the photon order r for
ξ = 1, ε = 72.3 MeV. The photon energy is ω = 10 keV (a) and ω = 1 eV (b).
In the latter case, only every 2000-th photon order has been actually calculated
and the result has been multiplied by 1000 (cf. Sec. 11.2). In both cases, the sum
over all contributing photon orders yields σ =
∑
r σr ≈ 210 nb; like in the different
scenarios considered above, the photon energy only plays a role for the number of
contributing photon orders and has no influence on the total cross section. The
cutoff to the left of the distribution is where the number of absorbed laser photons
is not large enough to exceed the reaction threshold (see the upper x-axis of the
plots).
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Figure 11.1: Partial cross section σr as function of the total number r of absorbed
laser photons (lower x-axis). The upper x-axis shows the corresponding collision
energy Ecm. In both cases, the laser parameter is ξ = 1 and free electron energy is
ε = 72.3 MeV; in (a), the photon energy is set to ω = 10 keV, in (b) it is ω = 1 eV.
11.2.2 Differential Cross Sections
Fig. 11.2 shows the dependence of the partial differential cross section dσr/dQ
0
−
on the muon’s energy for the parameter set from Fig. 11.1b for different photon
orders r. For small photon orders (Fig. 11.2a), the range of allowed muon energies
is much smaller than for larger orders (Fig. 11.2b) which is in agreement with
the considerations in the previous chapter (cf. Eq. (10.35)). In all cases, the
distribution is symmetric with maxima at the edges of the allowed energy range.
When summed over all photon orders, however, the fact that large muon energies
require a large amount of absorbed laser photons leads to an asymmetry and a
preference of smaller muon energy. This can be seen in Fig. 11.3 where the total
differential cross section dσ/dQ0− is shown for ω = 10 keV.
Since, like in Sec. 10.2, the partial differential cross sections for the antimuon are
the same as for the muon, the total cross section is also the same. For each single
photon order, a scenario is preferred where either the muon energy is maximal and
the antimuon energy is minimal or vice versa. In total, both particles are preferably
produced with a low energy.
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Figure 11.2: Partial differential cross section dσr/dQ0− for two different values of
r as function of the produced muon’s energy for ξ = 1, ε = 72.3 MeV and ω = 1
eV.
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Figure 11.3: Total differential cross section dσ/dQ0− as function of the produced
muon’s energy for ξ = 1, ε = 72.3 MeV and ω = 10 keV.

Chapter 12
Required Laser Parameters and
Other Experimental Demands
We now study the laser parameters that are required for the muon pair production
processes considered in Chs. 10 and 11. As seen in Secs. 6.3 and 7.3, the condi-
tion that the laser beam must cover the whole electron and positron trajectories
determines its minimally required spatiotemporal dimensions and thus its power
and energy. The values corresponding to the parameter sets used in Secs. 10.2
and 11.2 are given in Tab. 12.1. Column 1 shows the parameters with which
the results from Sec. 10.2 have been obtained. The comparatively large photon
energy leads to a very high laser intensity for ξ = 1. For such a high laser intensity,
several new aspects like vacuum polarization effects are already becoming important
[DPMHK12]. However, the total cross section is independent of the photon energy
ω and therefore, the same result is achieved with ω = 1 eV, for which the required
laser parameters are given in the second column of Tab. 12.1. Due to the smaller
photon energy and thus larger wave length, the pulse duration and beam radius
(which are both proportional to the laser wave length λ) are larger than for ω = 10
keV, but the intensity that leads to ξ = 1 is smaller. We have seen already in
Part II that using a linearly polarized laser wave with an elliptically-shaped cross
Circular Polarization Linear Polarization
Intensity parameter ξ 1 1 1 1
Photon energy ω (eV) 104 1 1 1
Laser intensity I (W/cm2) 1.8× 1026 1.8× 1018 1.8× 1018 1.8× 1018
Free electron energy ε (MeV) 88 88 88 72
Lorentz factor γ 172 172 172 141
Beam radius ∆x (µm) 2× 10−2 206 206 169
Pulse duration (ps) 7.43× 10−2 743 743 599
Pulse power (TW) 2.4× 103 2.4× 103 14 11
Pulse energy (kJ) 0.18 1.8× 103 10.4 5.7
Total cross section (µb) 1 1 0.3 0.2
Table 12.1: Laser parameters required for the process e+e− → µ+µ− for the
parameter sets considered in 10.2 (first two columns) and 11.2 (last two columns).
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sectional area may vastly reduce the required pulse power and energy. For the
same set of ξ, ε and ω as in column 2, we find that employing a linearly polarized
laser wave whose focus perpendicular to the polarization direction is λ reduces the
required power and energy of the pulse by approximately two orders of magnitude.
In the last column, the parameters used in Sec. 11.2 are listed. As compared to
the case with the larger free electron energy, the total cross section is smaller, but
so are also the required power and energy of the laser pulse due to the smaller
Lorentz factor.
The required pulse powers and energies are much smaller than for the Higgs creation
process considered in Part II. In principle, they can be reached by present-day
or near-future facilities such as the NIF or HERCULES lasers or the future ELI
[NIF; YCK+08; ELIa] (cf. Sec. 7.3).
The Compton scattering rate for the paramters of column 4 is RC ≈ 5× 1010 s−1.
Multiplied with the duration of the laser pulse, this results in approximately 32
Compton scattering events per positron and thus a maximum energy loss of 2.4
MeV (cf. Secs. 6.3 and 7.3). This is again rather small compared to the total
collision energy which is in the order of 250 MeV.
With the parameters in column 4 of Tab. 12.1, we can estimate the number of
muon-antimuon pairs that are produced in each electron-positron collsion. We saw
in Ch. 7 that the flux of the incoming particles can be written as |j| ≈ 2c/V . The
interaction volume V is given by the volume of the laser pulse. For the parameters
from the fourth column of Tab. 12.1, it is V ≈ 10−10 m3. With this, the muon pair
production rate is R ≈ 10−16 s−1, leading to a total µ+µ− production probability
of approximately 6.3× 10−26 per e+e− collision.
Chapter 13
Conclusion of Part III
The examination of the process e+e− → µ+µ− carried out in this part has shown
that, like already seen in the previous Part II, the c.m. energy of an electron-
positron collision may be significantly enhanced by superimposing an intense laser
field. In contrast to the Higgs boson creation process studied above, the produced
particles considered in this part carry electric charge and therefore, like the col-
liding electron and positron, interact with the laser field which emanates in the
possibility of absorption or emission of laser photons at the vertex of the final
particles. This particularly affects the process taking place inside a laser field of
circular polarization studied in Ch. 10. In the idealized setup where the initial
particles’ momenta are perfectly (anti)parallel to the laser wave vector, only one
photon may be absorbed or emitted at the vertex of the initial electron and positron.
The total photon number, however, may be large due to the possible absorption
or emission at the muonic vertex. Summation over all photon orders yields the
field-free cross section from Ch. 9, like it was the case for the Higgs boson creation
process in a circularly polarized field studied in Ch. 6. We saw in Ch. 11 that, like
we found for the Higgs boson creation process in Ch. 7, this is not necessarily the
case inside a linearly polarized laser field. There, the absorption of large amounts
of photons is possible at the electron vertex. Thus, since we considered lasers
with an intensity parameter ξ = 1 for electrons and the corresponding parameter
Ξ = m/Mξ ≈ 1/207 for muons is very small, photon absorption or emission at
the muon vertex may be neglected in this case. Like for the Higgs boson creation
process, the energy spectrum of the produced particles is shifted by the laser field
and smaller (anti)muon energies are preferred.
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Summary
The studies presented in this thesis are motivated by the desire to find a collider
scheme in which a detailed investigation of the fundamental properties of the
recently discovered Higgs boson is possible at a reasonably-sized lepton collider.
This might be achieved by the combination of conventional particle accelerators
with strong laser fields.
In Part II, the associated production of Higgs and Z0 bosons was studied in detail.
In the analytical expression for the transition amplitude, the impact of the laser
field on the colliding leptons was accounted for by describing the latter by Volkov
states. The current of these leptons was expanded in a Fourier series involving
n-th order regular cylindrical Bessel functions in the case of a circularly polarized
laser field and generalized Bessel functions for linear polarization. The order n
corresponds to the number of absorbed (if n > 0) or emitted (if n < 0) laser
photons. The total cross section then consists of a sum over partial cross sections
corresponding to single photon orders.
For the numerical evaluation, an idealized setup was assumed where the initial
lepton momenta are opposite and equal and are perfectly (anti)parallel to the
propagation direction of the laser field. For sizable values of the laser intensity
parameter, the laser-dressed particle momenta may be substantially larger than
the initial free momenta which vastly enhances the collision energy. The obtained
total cross sections are independent of the laser frequency for all combinations
of laser intensity parameters and free lepton energies that were investigated. For
circular polarization, the field-free cross section of corresponding collision energy
was obtained. Here, maximally one laser photon may be absorbed or emitted in
the considered kinematical setup. For linear polarization, the number of absorbed
laser photons may become very large and thus supply an additional energy gain.
Each photon order thus corresponds to a certain collision energy. The total cross
section then constitutes a kind of average over a vast range of collision energies and
thus cannot be correlated to a certain field-free cross section like in the circularly
polarized laser field. The total energy spectrum of the Higgs boson was found to
have a distinct tendency towards smaller Higgs boson energies, the reason being that
for a large Higgs boson energy, the absorption of many laser photons is required,
and therefore, more orders contribute for smaller energy. This effect also leads
to a preference of smaller emission angles of the Higgs boson, which might be an
advantage with regard to their detection in a real experiment.
For different lepton species, the required laser parameters were specified. For
electrons, smaller laser intensities lead to sizable laser intensity parameters than
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for muons. However, their large Lorentz factor leads to very huge spatiotemporal
dimensions of the laser pulse. This arises from the restriction that the laser pulse
must cover the whole lepton trajectory. Thus, very high pulse power and energy are
necessary. While the required intensity for effective muon acceleration is larger by
two orders of magnitude due to their larger rest mass, the required power and energy
of the laser pulse are smaller by several orders of magnitude compared to those
needed for electrons. This, together with other advantages like smaller radiation
damping effects, renders laser-boosted muon-antimuon collisions preferable over
electron-positron collisions.
For circular polarization, the required laser pulse parameters for substantial muon
acceleration still are found to lie several orders of magnitude above those of present-
day and near-future facilities. Due to the specific geometry of the lepton trajectory
inside a linearly polarized laser field, it is possible to consider an elliptically-shaped
laser pulse instead of a circular one like required for circular polarization. Depending
on the focus size in the direction perpendicular to the polarization direction, this
may vastly reduce the required pulse power and energy. The laser pulse parameters
thus obtained for muon-antimuon collisions are likely to come into reach in the
medium term.
For a fixed laser intensity parameter and free lepton energy, a higher photon energy
reduces the required focal area and pulse duration of the laser pulse and thus its
power and energy. On the other hand, for a fixed laser intensity parameter, a larger
photon energy corresponds to a larger intensity of the laser field. A reduction of
the focal size perpendicular to the polarization direction leads to a smaller number
of effectively accelerated muons and thus in an additional loss in collider luminosity.
Thus, a balance between the energy gain and luminosity loss has to be found in
order to optimize the benefits from a possible combination of a muon collider and
a strong laser.
Part III was dedicated to the investigation of the process e+e− → µ+µ−. The most
prominent differences to the high-energy process considered in the previous part
are due to the fact that the produced muon and antimuon carry electric charge.
They therefore, like the colliding electron and positron, interact with the laser
field and have to be described by laser-dressed states. For each lepton species, a
separate laser intensity parameter occurs due to their different rest masses.
In the analytical evaluation of this process taking place inside laser waves of
circular and linear polarization, the expansion of the initial particles’ current are
similar to the ones obtained in the previous part. In addition, the muon-antimuon
current is expanded in a similar way, and absorption or emission of laser photons
at their vertex is possible. Thus, there occur different photon numbers for the
photons absorbed or emitted at the electron-positron and muon-antimuon vertices,
respectively, and the partial cross sections are related to the total number of
absorbed or emitted laser photons.
In the numerical evaluation of the considered process, again in the kinematical
setup described above, the total cross section was found to be independent of the
photon energy in the investigated parameter regime like it was the case for the
Higgs boson creation considered above. Here, due to the possible photon absorption
or emission at the muon-antimuon vertex, the total photon order may become
large not only for linear, but also for circular polarization. In the latter case,
the summation over all photon orders leads again to the field-free cross section
obtained for a corresponding collision energy. A total energy distribution of the
produced muon and antimuon was found where the muon (antimuon) is preferably
produced with the maximum (minimum) allowed energy or vice versa. For a linear
polarized laser field, the distribution of the partial cross sections as well as the
energy distribution of the produced particles resemble those found for the Higgs
boson creation. Here, too, small energies of the produced particles are preferred
due to the vast range of contributing photon orders.
The required parameters of the laser pulse for the process investigated in this
part are in principle achievable with present-day technology and therefore, the
experimental implementation of the considered muon pair creation process might
serve to study the specific features, e.g. the shape of the produced particles’ energy
spectra, we found for the laser-boosted muon pair as well as Higgs boson creation.
Outlook
We saw that a particle collider may benefit from the combination of conventional
accelerator techniques with strong (linearly polarized) laser pulses in several re-
spects. Most prominently, the collision energy in such a collider may be enhanced
without increasing the size of the accelerating facility. In addition, the specific
distributions of the produced particles’ energies and emission angles might to some
extent render their detection easier. A natural continuation of this work might be
the investigation of the Higgs boson’s decay products. Since the decay of the Higgs
boson occurs on a very short time scale and we deal with very long laser pulses,
the electrically charged decay products will still experience interactions with the
laser field and have to be described by laser-dressed states.
As already mentioned in the introduction, the Higgs boson can be created at a
muon collider via a direct s-channel production. The examination of this process
inside the considered laser field would be an interesting complement to this work.
Despite the challenges that would have to be met by such a collider scheme, we
found promising prospects of possible advantages compared to conventional particle
accelerators.
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Appendix A
Feynman Rules and S-Matrix
Formalism
We now list the Feynman rules and fundamental properties of elementary particles
that were used in this thesis according to [Nac86].
Free Dirac Spinors
For a free negatively-charged spin-1/2 particle with mass m, momentum p− and
spin quantum number s−, we define a free spinor u(p−, s−) and, correspondingly,
v(p+, s+) for a positively-charged antiparticle with momentum p+ and spin projec-
tion s+. These spinors must satisfy the free Dirac equation
(6p− −m)u(p−, s−) = 0
(6p+ +m)v(p+, s+) = 0 . (A.1)
The adjoint spinors u(p−, s−) = u†(p−, s−)γ0 and v(p+, s+) = v†(p+, s+)γ0 satisfy
the corresponding equations
u(p−, s−)(6p− −m) = 0 (A.2)
v(p+, s+)(6p+ +m) = 0 . (A.3)
We normalize the free Dirac spinors according to Appx. A in [Nac86],
u(p−, s−)u(p−, s′−) = 2mδs−s′−
v(p+, s+)v(p+, s
′
+) = −2mδs+s′+
and the completeness condition is
1/2∑
s−=−1/2
u(p−, s−)u(p−, s−) = ( 6p− −m) (A.4)
1/2∑
s+=−1/2
v(p+, s+)v(p+, s+) = ( 6p+ +m) . (A.5)
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Spin-1 particles
Free massive spin-1 particles with mass M and four-momentum k are described by
polarization states (k) for which ∗iµ(k)
µ
j (k) = δij (see Appx. G in [Nac86]). The
polarizations sum occurring in Pt. II yields∑
pol.
µ(k)
∗
ν(k) = −gµν +
kµkν
M2
. (A.6)
Feynman Rules of QED
The relations between physical conditions and their corresponding Feynman diagram
parts and analytical descriptions in position space for QED processes (without a
laser field) are listed in Appx. B in [Nac86]. In our units system, they read
Lepton in initial state Lepton in final state
u(p−, s−) u(p−, s−)
Incoming lepton line Outgoing lepton line
ℓ− ℓ−
Antilepton in initial state Antilepton in final state
v(p+, s+) v(p+, s+)
Outgoing lepton line Incoming lepton line
ℓ+ ℓ+
Virtual photon Elementary process
−igµν
q2 + i
ieγµ
Inner photon line Vertex
(γ)µ ν µ
With the free Dirac spinors from above, the virtual photon momentum q, and the
Dirac matrices γµ. The corresponding expressions in position space are obtained
by Fourier transformation.
Feynman Rules of QFD
The Feynman rules of quantum flavordynamics (QFD) are listed in Appx. G in
[Nac86]. The ones used in our investigation of the process `+`− → HZ0 are
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Higgs boson in final state Z0 boson in final state
1 ∗(PZ)
Outgoing H line Outgoing Z0 line
H Z0
Virtual Z0 boson
Propagator Inner Z0 line
4pii(−gµν + P
µ
ZP
ν
Z
M2Z
)
P 2Z −M2Z + iΓMZ
(Z 0)µ ν
Vertex involving leptons Vertex involving bosons
−ig
2 cos θW
(gV − gAγ5)γµ igMZg
νρ
cos θW
µ
ν
ρ
with the Z0 boson’s polarization state (k) as described above. In the denominator
of the virtual Z0 boson’s propagator, there occurs the decay width Γ. Throughout
this thesis, we considered the total collision energy large enough so that we may
neglect the finite width. The description of the vertices contains the Weinberg
angle θW for which
sin2 θW ≈ 0.23
cos2 θW = 1− sin2 θW .
The weak coupling constant is given by g = e/ sin θW . The weak neutral coupling
constants gV and gA are
gV = 2 sin
2 θW − 0.5
gA = −0.5
for both electrons and muons.
S-Matrix Formalism
A detailed introduction to the S-matrix formalism employed in this thesis can be
found e.g. in [PS95; Nac86]. The scattering matrix, the so-called S matrix, is
composed of all initial and final as well as virtual particles involved in a physical
process and the corresponding vertices according to the Feynman rules stated above.
It describes the amplitude for the transition from the initial to the final state. Its
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square corresponds to a probability, from which a cross section is obtained by
averaging over the initial particles’ spins and summation over the final particles’
spins (for fermions) or polarization states (for vector bosons), division by a unit
time and the flux of the incoming particles, as well as integration over the final
particles’ momenta.
Appendix B
Properties of the γ−matrices
We now list some of the important properties of the Dirac matrices (3.1) and (3.2)
that have been used throughout this thesis. They can also be found in Appx. A of
[Nac86].
The following important rules apply for products of γ-matrices:
{γµ, γν} = 2gµν · 1 (B.1)
{γµ, γ5} = 0 (B.2)
γµγµ = 4 · 1 (B.3)
γ5γ5 = 1 (B.4)
γµγν = 2gµν · 1− γνγµ (B.5)
γµγνγµ = −2γν (B.6)
γµγνγργσγµ = −2γσγργν (B.7)
γ0γµ†γ0 = γµ (B.8)
with the 4x4 unity matrix 1. From these rules follows for products of γ-matrices
and four-component vectors
6a 6b = 2(ab)− 6b 6a (B.9)
γµ 6aγµ = −26a (B.10)
γµ 6a 6bγµ = 4(ab) (B.11)
γµ 6a 6b 6cγµ = −26c 6b 6a (B.12)
and for the adjoint product
6u1 6u2 . . . 6un = 6un 6un−1 . . . 6u1 . (B.13)
For the evaluation of the traces occurring in the transition amplitudes for the
considered electroweak processes, the following general rules that can be derived
from the above relations are useful:
The trace over an odd number of γ-matrices vanishes,
tr(6u1 6u2 . . . 6u2n+1) = 0 . (B.14)
119
120 Properties of the γ−matrices
Since the trace over a product of matrices is generally invariant under cyclic
permutations, from Eq. (B.1) follows
tr(6u1 6u2) = 4(u1u2) (B.15)
tr(6u1 6u2 6u3 6u4) = 4(u1u2)(u3u4)− 4(u1u3)(u2u4) + 4(u1u4)(u2u3) (B.16)
and in general
tr(6u1 6u2 . . . 6u2n) =(u1u2)tr(6u3 6u4 . . . 6u2n)
− (u1u3)tr(6u2 6u4 . . . 6u2n)
± . . .
+ (u1u2n)tr(6u2 6u3 . . . 6u2n−1) . (B.17)
Another very useful relation is
tr(6u1 6u2 . . . 6un) = tr( 6un 6un−1 . . . 6u1) . (B.18)
In the calculation of the transition amplitude for `+`− → HZ0, there also occur
traces over matrix products containing the fifth γ-matrix. For their evaluation, the
following relations are useful:
γµγ
5 =
i
6
µνσργ
νγσγρ (B.19)
tr(γ5) = tr(γµγ5) = tr(γµγνγ5) = tr(γµγνγσγ5) = 0 (B.20)
tr(γµγνγσγργ5) = 4iµνσρ (B.21)
with the Levi–Civita symbol µνσρ.
Appendix C
Properties of the Bessel Functions
We now list some of the properties of the Bessel functions Jn(x) that occur in the
expansion of the leptonic currents in Chs. 6 and 10 and of which the generalized
Bessel functions of Chs. 7 and 11 are composed. They are regular cylindrical Bessel
functions of integer order1 [AS65] and thus are solutions y(x) to the differential
equation
x2
d2y
dx2
+ x
dy
dx
+ (x2 − n2)y = 0 . (C.1)
Their generating function, of which we made use in the said Fourier expansions, is
e−ix sinκ =
∞∑
n=−∞
Jn(x)e
inκ . (C.2)
We now re-consider the expansion of the function f(κ) = exp(−i(α1 sinκ−α2 cosκ))
occurring in Chs. 6 and 10. with α =
√
α21 + α
2
2 and an angle κ0 for which
sinκ0 = α2/α and cosκ0 = α1/α, we can write
α1 sinκ− α2 cosκ = α
(α1
α
sinκ− α2
α
cosκ
)
= α (sinκ cosκ0 − cosκ sinκ0)
= α sin(κ− κ0) . (C.3)
In the last step, we made use of the well-known addition theorem [AS65]
sin(a− b) = sin a cos b− cos a sin b . (C.4)
With this, we can write the function f(κ) = exp(−iα sin(κ− κ0)) which has the
form of the left side of Eq. (C.2) and therefore
f(κ) =
∞∑
−∞
Jn(α)e
−in(κ−κ0) . (C.5)
With
cosκ =
1
2
(eiκ + e−iκ) and sinκ =
1
2i
(eiκ − e−iκ) (C.6)
1Since the orders of the Bessel functions correspond to the respective number of absorbed or
emitted photons, they must be integers.
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Figure C.1: Regular cylindrical Bessel functions Jn(x) of orders n = 0, 1 and
2 (red solid, green dashed and blue dashed-dotted lines, respectively). The only
Bessel function with a finite value at x = 0 is J0 with J0(0) = 1.
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Figure C.2: Regular Bessel function J1000(x). As can be seen, the values of J1000
for x . 1000 are negligible.
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Figure C.3: Value of the regular Bessel functions for fixed argument x = 1000
as function of the order n. The maximum is at n = x and for n > x, the value is
negligibly small.
and since the summation goes from n = −∞ to ∞, we find
cosκf(κ) =
∞∑
n=−∞
1
2
(
Jn+1(α)e
i(n+1)κ0 + Jn−1e−i(n−1)κ0
)
,
sinκf(κ) =
∞∑
n=−∞
1
2i
(
Jn+1(α)e
i(n+1)κ0 − Jn−1e−i(n−1)κ0
)
. (C.7)
The expansion of the function F (η) in Ch. 10 is analogous.
Fig. C.1 shows the Bessel functions of orders 0, 1, and 2. The only order for which
Jn(0) 6= 0 is n = 0, for which J0(0) = 1. As can be seen in Fig. C.2, the value of a
Bessel function Jn(x) of large order n is negligible for x . n. This means, on the
other hand, that for a fixed argument x, the value of Jn(x) is negligible if the order
n exceeds the argument x. This can be seen in Fig. C.3 where the Bessel functions
Jn(x) are displayed as a function of the order n for x = 1000.
The function f˜(κ) = exp(−i(α˜1 sinκ + α˜2 sin 2κ)) from Chs. 7 and 11 can be
expanded in a similar way. With (C.2), we can write
f˜(κ) = e−i(α˜1 sinκ+α˜2 sin 2κ) =
∑
m
Jm(α˜1)e
−imκ∑
`
J`(α˜2)e
−i2`κ
=
∑
`
∑
m
Jm(α˜1)J`(α˜2)e
−i(m+2`)κ
=
∑
`
∑
n
Jn−2`(α˜1)J`(α2)e−inκ
=
∑
n
(∑
`
Jn−2`(α˜1)J`(α˜2)
)
e−inκ . (C.8)
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The structure of this equation is very similar to the one in (C.5). Therefore, the
functions
J˜n(α˜1, α˜2) =
∞∑
`=−∞
Jn−2`(α˜1)J`(α˜2) (C.9)
are commonly referred to as generalized Bessel functions [Rei80]. Note that, unlike
the regular Bessel functions of which they are composed, the generalized Bessel
functions depend on two arguments. Like above, we find
cosκf˜(κ) =
∞∑
n=−∞
1
2
(
J˜n−1(α˜1, α˜2) + J˜n+1(α˜1, α˜2)
)
e−inκ ,
cos2 κf˜(κ) =
∞∑
n=−∞
1
4
(
J˜n−2(α˜1, α˜2) + 2J˜n(α˜1, α˜2) + J˜n+2(α˜1, α˜2)
)
e−inκ (C.10)
and similar expressions for F˜ (η), cos ηF˜ (η) and cos2 ηF˜ (η) the expansion of the
muonic current in Ch. 11.
In the setup we considered in Ch. 7 where the incident leptons are traveling
perfectly (anti)parallel to the laser field, the argument α˜1 = 0 and, because∑
n Jn(0) = J0(0) = 1, the generalized Bessel functions reduce to
J˜r(0, α˜2) =
∞∑
`=−∞
Jr−2`(0)J`(α˜2) = Jr/2(α2) (C.11)
with the regular Bessel function Jr/2. In the case of muon pair production studied
in Ch. 11, we have products of generalized Bessel functions,
J˜n(α˜1, α˜2)J˜r−n(β˜1, β˜2) . (C.12)
For the electronic contribution, we have again α˜1 = 0 and the generalized Bessel
functions are J˜n(0, α˜2). We find that for ξ = 1 and thus Ξ ∼ 1/200, photon
absorption or emission at the muon vertex is negligible and therefore n = n′ = r.
In addition, only the term with B˜0 containing J˜0(β˜1, β˜2) is important in the trace
product (11.13). Because β˜2 ∝ Ξ2 ≈ 0, we can express the muonic Bessel function
as
J˜0(β˜1, β˜2) ≈ J˜0(β˜1, 0) =
∞∑
`=−∞
J−2`(β˜1) =
∑
` even
J`(β˜2) . (C.13)
Numerical Implementation
The numerical implementation of the Bessel functions has been carried out as
described in [PTVF07], namely by making use of the recurrence relation
Jn+1(x) =
2n
x
Jn(x)− Jn−1(x) . (C.14)
The Bessel functions of orders 0 and 1 are taken from the GNU Scientific Library
(GSL) [GSL]. Bessel functions of negative orders (corresponding to photon emission)
are derived via
J−|n| = (−1)|n|J|n|(x) . (C.15)
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The computation time for such a recursive routine becomes very large for large
Bessel orders n. For very large arguments and orders, we therefore made use of the
relation [AS65]
Jn(x) ≈ Jn(n+ zn 13 ) = 2 13n− 13Ai(−2 13 z) +O(n−1) (C.16)
with z = (x − n)n−1/3 and the Airy functions Ai (whose implementation in the
GSL has been employed). This relation holds for small values of (x− n). For the
many photon orders that have to be taken into account in the computation of the
cross sections in Part II, however, the recursive routine has to be employed for the
vast majority of orders and therefore, the computation time is still very long. Thus,
in some cases, we only calculated the partial cross sections for a certain number
of photon orders and multiplied the result by the number of omitted orders per
interval.
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